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Abstract. Kinetic Monte Carlo (KMC) methods are commonly used to simulate the microstructure evo-
lution of metals under irradiation due to their ability to generate the random walks underlying defect-
mediated diffusion processes at the atomic scale. However, the range of applicability of KMC methods is
severely limited by the kinetic trapping of the simulated trajectories within low energy basins present-
ing small intra-basin barriers. This results in dramatically reducing the efficiency of the classical KMC
algorithm. Kinetic trapping can be alleviated by implementing non-local jumps relying on the theory of
absorbing Markov chains. A factorization of an auxiliary absorbing transition matrix then allows to gener-
ate escaping paths and first-passage times out of trapping basins. Although the speed-up can be of several
orders of magnitudes, this is sometimes not enough for very long-term prediction. We must then turn to
homogenized rate-equation formulation of the problem. Usually solved deterministically, the corresponding
large ordinary differential equation system often suffers from the curse of dimensionality. Dedicated Monte
Carlo schemes can simulate the coarse-grained rate equations based on a chemical master equation. Finally,
we show the relevance of relaxing the rigid-lattice assumption in the calculation of the free energy barriers
and attempt frequencies to capture elastic effects that are important for certain systems, such as high
entropy alloys or other concentrated alloys such as austenitic stainless steels. A new activation-relaxation
technique combining barriers and prefactors on-the-fly calculations can be used for this purpose in kinetic
Monte Carlo studies of slow diffusion processes.

1 Introduction interstitial atoms after the displacement cascades pro-

. ) ) cesses. Throughout the various timescales of cascades’ evo-
Over the course of their operational lifespan, reactor ygion (thermal spike, intra-cascade and then inter-cascade
components materials experience significant alterations in reactions), these defects migrate, recombine or agglomer-

their physical properties because of the combined effects a6 to form vacancy clusters and loops of interstitials. This
of neutron irradiation and operating temperatures. The

reactor pressure vessel (RPV) is often considered as the
most critical component as it is the only component that
cannot be changed. Other critical components, like those
forming the internal structures of the reactor, are poten-
tially replaceable but they have other issues since they
are exposed too much larger doses. In all cases, the evo-
lution of their properties originates from neutron irra-
diation which results in a production of large amounts
of crystalline point defects such as vacancies and self-

can cause a variety of radiation induced segregation type
phenomena which in turn modify mechanical properties by
radiation hardening or embrittlement. Usually, the evalu-
ation of RPV mechanical integrity relies on the extrap-
olation of semi-empirical models calibrated against data
obtained from surveillance programs. In the context of
extending plant operational lifetimes, computational sim-
ulations offer a promising complement to empirical extrap-
olations, providing a physically based understanding of the
coupled effects of materials’ chemistry and incident parti-
* e-mail: gilles.adjanor@edf.fr cle fluxes [1]. The two main simulations methods which are
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atomistic kinetic Monte Carlo (kMC) methods and clus-
ter dynamics (CD) have almost opposite strengths and
weaknesses: the former rely on a model of the crystalline
lattice and thus readily model parameterized atom-defect
reactions, while the latter consist in efficiently solving
with large time increments systems of ordinary differen-
tial equations associated to the mean field interactions of
defect clusters classes.

Intrinsically, kMC being eventdrawing based, its effi-
ciency is limited by the ratio between the highest and
the lowest event frequencies in the system. Indeed,
predicting the formation and evolution kinetics of nano-
metric clusters of crystalline defects which form in irradi-
ated metallic components requires covering considerable
timescales: from the picosecond timescale of the Brownian
motion of these defects on the crystal lattice, up to the
timescale of decades for the evolution of the mechani-
cal properties that they influence. The usual so-called
“kinetic” Monte Carlo methods, which directly simu-
late these complex random walks (which can be one-
dimensional or three-dimensional randoms walk in the 3D
crystal lattice, or more complex combinations of the lat-
ter [2]), offer a great capacity for modelling elementary
atomic mechanisms, but are limited to short cumulated
times (being single event-based methods). Nevertheless,
they enable us to straightforwardly implement the energy
models underlying the interactions between clusters of
defects and solutes (with either density functional theory
methods or classical molecular dynamics calculations [3])
and potentially take into account the vast and complex
combinatorics associated with them. One typical applica-
tion of this method is simulating the formation of solute
atoms atmospheres in RPV steels, which leads to radi-
ation embrittlement. Being a low-alloy steel (the major
solutes involved in aging being Mn, Ni, Si and Cu), this
kind of dilute system considerably reduces the computa-
tional burden for building up the atomic jumps parame-
terization. This leaves us with the challenges of the very
long-term simulations. Typically, the very long timescales
to be simulated can exceed 1.3 x 10° s (corresponding
to about 40 years of reactor operation), while elemen-
tary events such as interstitial jumps only increment the
physical clock by steps of 10712 s. In fact, the computa-
tional efficiency is severely impacted by the overwhelming
number of non-reactive diffusion events (i.e., which leave
the microstructure intact). These transitions correspond
to very low energy barriers (also called “flickers”) which
monopolize the computational power. This is in contrast
with rare-events where solute clusters actually evolve. In
accelerated Monte Carlo methods, a randomization pro-
cedure based on the factorization of absorbing Markov
matrices enables the direct drawing of an exit location
from the trap, stochastic numbers of visits to each trap-
ping site and physical times spent waiting at these sites.
The randomization procedure guarantees that the total
waiting time within the trap is distributed according to
the correct first-passage time distributions. Each possible
exit location corresponds to a dissociation site between
the atomic cluster and the migrating defect. The large
sequences of non-reactive events are directly drawn. The
latter methods are exact and allow for accelerations of

many orders of magnitude, as presented at Section 2, but
they are currently limited to one type of solute atoms, and
modest densities of defects.

Beyond that, very long-term kinetics is within the sole
reach of mean field methods such as “cluster dynam-
ics”, but at the cost of drastic simplifications on the
treatment of complex clusters: homogenization, neglecting
of spatial correlations, coarse-graining and use of steady
state solutions of diffusion equations for absorption rates.
The systems of ordinary differential equations associated
with these methods are integrated using deterministic
time-steppers [4] or using stochastic methods (Langevin
dynamics or random walks in the space of cluster sizes).
More recently, a hybrid approach combining deterministic
and stochastic integration has also been proposed [5]. An
alternative strategy [6] consists in developing new algo-
rithms for a full stochastic resolution of rate-equations.
Indeed, we show at Section 3 thanks to the concept of
partial propensities [7-9], of internal times and the use
of binary heap to limit reaction lists updates [10,11]. As
shown at Section 3, many orders of magnitudes speed-up
are obtained compared to the standard stochastic algo-
rithm (SSA) while maintaining the capacity to mitigate
the computational burden linked to the multidimensional
clusters composition space.

Finally, for some prospective applications such as high
entropy alloys and other concentrated alloys, variants such
as kinetic Monte Carlo on a relaxed lattice with on-the-fly
prefactor calculations account for the vibrational degrees
of freedom and the stabilizing distortion of the lattice.
This allows to simulate the physics of slow diffusing defects
in complex concentrated alloys with greater details than
kMC on a rigid lattice.

2 First passage kinetic Monte-Carlo methods

To briefly sketch first passage analysis to kinetic Monte
Carlo, we must first recall that the dynamics of
any Markovian system can be described by a master
equation:
pl =pi K, 1)
where the probability vector p] represents the probability
distribution at time t over the discrete set of states and K
is the transition rate matrix. Its off-diagonal elements K;;
encode the transition rates from state i to state j and its
diagonal elements satisfy the relation K;; = — ; 7,%Kij
so that the total probability is conserved, i.e., the ele-
ments of the probability vector always add up to 1. The
evolution operator P from time ¢ to time t+7 can be
formalized as:
P(t,t+7)=exp (TK). (2)
The element P;; (¢,t+ 7) corresponds to the probabil-
ity of observing the system in state j at time 7+t knowing
that it was in state ¢ at time ¢. The operator exponential
is defined by its Taylor expansion. The n-th order term of
the expansion yields the contribution arising from n ele-
mental transitions (moves). In the standard kinetic Monte
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Fig. 1. (a) A cluster of B solute atoms within a bulk of A atoms
is sketched. In insets (b,c,d) a typical “flicker” is illustrated.
It results in having the vacancy (V) returning at its initial
position many times. This is due to B-V exchanges being far
more likely than A-V ones (more complex flickers are possible
(e)) as reflected by their respective transition rates I

Carlo (kMC), the residence time algorithm performs a sin-
gle move at each step based on the first term of the Taylor
expansion (see [12] for instance). The associated transition
probability matrix then writes

P =1+ K7pax, (3)
with Thax = —K;il, I being the identity matrix. The
physical time elapsed before the elemental transition
occurs is drawn from the exponential distribution At o
exp(—At/Tmax). Simulating the physical time using an
auxiliary random variable guarantees the correctness of
the algorithm.

In practice, the efficiency of the kinetic Monte Carlo
method is drastically reduced whenever the transition rate
matrix describing the evolution of the system exhibits
a wide spectrum. In these situations, the system tran-
sitions a huge number of times between configura-
tions separated by small energy barriers, as illustrated
in Figure 1.

These connected configurations form trapping basins
from which the average escape time is much larger than
the characteristic time for crossing the small barriers
inside the basins. This issue is recurrent in kMC sim-
ulations [13]. Cavities may form under irradiation and
remain stable over a long period of time due to the low
vacancy emission rate resulting from the strong attrac-
tion between cavities and neighboring vacancies. Kinetic
trapping may also be caused by the formation of dynami-
cally stable clusters of manganese or copper substitutional
atoms and vacancies in a-Fe. These solute clusters migrate
slowly without dissociating owing to ineffective numerous
atomic rearrangements, or “flickers”. A second situation
causing a drastic loss of efficiency of the kMC method
is when the distances a mobile defect must travel before
interacting with another mobile defect (e.g. a dislocation,
a solute cluster or precipitate) is large. It takes a huge
number of kMC hops to observe a small change of the
microstructure.

trapping sites ->transient states

perimeter states —absorbing states (exit sites)

Fig. 2. The trapping sites within the solute cluster (shown
in blue) determine the N transient states, while the perimeter
states determine the absorbing states. The former are associ-
ated with the A blocks of the matrix and the latter with the
null blocks. At this stage, all perimeter sites are treated as a
single absorbing state with an index of N + 1.

The so-called “first-passage” algorithms allow accel-
erating the kMC simulations in both aforementioned sit-
uations. To achieve this goal, nonlocal events involving
mobile defects may be randomly selected using exact
probability rules [12,14,15]. Avoiding conflicts between
defects evolving in parallel requires spatial protection of
defects and exact time synchronization. Spatial protection
serves to prevent distant walkers from colliding or con-
versely to enable two neighbouring defects to recombine.
To satisfy the time synchronization requirement, the the-
ory of absorbing Markov chains [16] is used to draw first-
passage times, and paths to distant states located on the
periphery of the protection, which acts as an absorbing
sink.

The transition rate matrix K¢ associated with the
absorbing Markov process is defined as:

o [—AAT
K _(OT ‘ )

Here, matrix A is a symmetric, positive-definite matrix
of size N (the number of transient states), and its elements
are minus the transition rates between transient states,
while 1 is a vector of ones (see Fig. 2).

The evolution operator of the absorbing Markov chain
is obtained through exponentiating the associated transi-
tion rate matrix:

exp (K1) = <exp[—At} (1 —exp[—AtDT). (5)

(4)

0T 1

The probability vector restricted to the transient states
then evolves according to p! = plexp(—At), while the
survival probability at time t, defined as the probability
that the system remains in one of the transient trapping
states is p?? Then, the mean survival time or mean first
passage time (MFPT) is defined as

—1=

T,
(6)

X oro T [ - T
tpp= pt 1dt=py exp[—At]1dt =pg A
0 0
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Fig. 3. Integrated speed-up plotted as a function of the physical time simulated by kPS at three different temperatures

To =273 K, Ty = 373 K, and Ty = 473 K [12].

The above linear system can be solved by using either a
direct solver, such as Gaussian elimination, or an itera-
tive solver, such as the conjugate gradient method. First-
passage time and escape from the exact probability dis-
tributions can be sampled using randomization based on
direct factorization of the absorbing transition rate matrix
[12], or on its eigenvalue decomposition [13-15]. The for-
mer randomization technique is based on the probabilistic
interpretation of the factorization in terms of paths [17]
and is referred to as kinetic path sampling (kPS). The
application to the long-term evolution of the FeCu sys-
tem was proposed in [12]. A parametrization based on
electronic structure calculations by Soisson et al. [18] was
used to model a system with a single vacancy and 1.34
at% Cu.

In this work [17], the first passage time formalism
is used to perform nonlocal transitions of the vacancies
and their escape from the trapping basins of the cop-
per rich clusters. The physical time is increased by a
first passage time associated with this escaping transition.
Figure 3 illustrates the considerable speed-ups that these
non-local techniques allow for. From high to low temper-
atures, speed-ups (from standard kMC) from 10% up to
10® can be respectively achieved. Higher speed-ups at low
temperature simply correspond to the situation in which
the regular kMC algorithm is most penalized by trapping.

Other applications of kPS further exploit the abil-
ity of the direct factorization to perform matrix inver-
sion, as well as the fact that Green’s functions, which
are pseudoinverses of transition rate matrices, can also
be interpreted as geometric sums of path probabilities
and used in atomic transport theory. This connection
enables atomic diffusion coefficients to be computed very

efficiently using kPS in conjunction with mass transport
theory [19]. This opens the way to the efficient develop-
ment of parameterization that accounts for the mobility of
clusters, as demonstrated for vacancy-trapping Mn clus-
ters in iron [13]. Figure 4 shows the extent of mobilities
and the various curves for a wide range of temperatures,
demonstrating that the efficiency of kPS is insensitive to
temperature.

Its limitations stem from the computational overhead
associated with the transition rate matrix manipulations,
which involves O(n3) matrix operations and substantial
RAM usage. To efficiently apply kPS to the largest clus-
ters in this study, several strategies were employed, includ-
ing storing the matrices and labelling clusters based on a
connectivity graph. Indeed, analysis shows that whenever
trapping becomes severe, the simulation often repeatedly
visits a limited number of basins and performs the same
factorizations many times. Physically, at lower tempera-
tures, the system gets trapped in super basins containing
several shapes that are repeatedly adopted by the clus-
ter. Consequently, we proposed a first acceleration method
involving storing and recycling the transition matrix fac-
torizations, using a hash key and a dictionary to index
path factorization matrices. An additional method con-
sists in constructing a graph on-the-fly to connect cluster
configurations, detect super basins and re-use the factor-
ized transition matrices.

As Figure 5 shows, these strategies enabled accelera-
tion by approximately two orders of magnitude compared
to regular kPS and by around five orders of magnitude
compared to standard kMC. This demonstrates that the
computational overhead associated with kPS on large clus-
ters can be mitigated.
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Fig. 4. Diffusion coefficients of Mn solute atoms as a function of cluster size for various temperatures T. For clarity, scaling is
done relative to monomer diffusivity at Tp and its high-temperature activation energy E, = 0.646 eV. Reference temperature is
To = 600 K and reference diffusivity is D(1,To) = 6.716 x 107® m? s™! at vacancy concentration of 0.05% [13].
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Fig. 5. Comparison of algorithm efficiencies as a function of
cluster size. Efficiency is measured by the ratio of simulated
physical time to that of F-KMC (kPS), based on a fixed wall-
clock time. Shaded regions around the curves represent the
68% confidence interval.

3 Stochastic resolution of rate-equations for
cluster dynamics

In the mean-field formulation of cluster dynamics (CD) [4],
one writes a system of coupled balance equations relating
the concentrations C, ;) of clusters made of |n| single

defects (where negative n denotes a vacancy cluster and
positive n describes an interstitial cluster) and p solute

atoms: qc
(n,p) el
Tp = ¢(n,p) <t7 0) 5 (7)
where C is the concentration vector of all Cln,p) con-
centrations. The right-hand side term ¢, ;) (t, 6) is the

enumeration of all reactions for affecting class (n, p), which
reads (for immobile clusters):

my mg
—
P(n.p) (tv C) =Gmp + Z ZA(nJrj,prq), G, Clntip+a)

j=—my q=0

mg mg . .
J=—mey § qZOB(n*LP*lI)a(LQ)

Ctn—j-a)Cl.a) = Bn.p),(5.0) Cnp) Clisa)s

= Anp),(,0)Clnp) +
(8)

where m;, m, and mg are respectively the maximum num-
ber of interstitials, vacancies and solutes in mobile clus-
ters. The absorption rates and emission rates of a mobile
cluster © = (j,q) by a cluster (n,p) are respectively
noted By, p) (j,q) and A, p)(j.q)-The source term G, p)
corresponds to instantaneous production of clusters due
to irradiation and the resulting cascade process. Absorp-
tion terms (sink strengths) for mobile species due to fixed
sinks like grain boundaries or dislocation networks may be
included, as well as many additional physical refinements
such as geometric and elastic factors related to clusters
shapes [20,21], the effect of neighbouring clusters [22] or
the 1D/3D character of mobile’s clusters diffusion [23,24]
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which are physically relevant but are out of this papers’
scope.

Formulating cluster dynamics in this mean-field man-
ner enables very long times to be simulated, even when the
non-linear ordinary differential equation system is stiff [4].
Traditionally, this initial value problem is solved using a
multistep implicit formulation and Newton’s method to
solve the associated nonlinear system. In this approach,
repeated solving of a huge linear system is the most com-
putationally intensive part. This drastically limits the
extent of the cluster size space for the deterministic resolu-
tion of the CD system. Several improvements are possible,
such as reformulating n as a continuous variable (yield-
ing a Fokker-Planck equation) [4,25,26], grouping of equa-
tions [27,28], or applying various linear algebra strategies
for iterative solvers [6]. These can significantly increase
the resolution domain, but the horizon of deterministic
resolution of CD is currently limited to two-dimensional
size spaces. This means that when treating mixed clusters
in irradiated alloys, cluster space is limited to (n,p), for
instance a cluster consisting of |n| vacancies and p copper
atoms surrounding the vacancy cluster. Describing a more
complex cluster in which vacancies are also associated
with nickel atoms (i.e. considering a three-dimensional
cluster space for (n,p,r) clusters, r being the number of
nickel atoms associated with the copper-vacancy cluster,
for example) is beyond the scope of deterministic simula-
tions in conditions in which these clusters could be exper-
imentally observed. This issue is often referred to as the
dimensionality curse.

Building on the previous work of Bulatov et al. [29]
and Gherardi et al. [30], who attempted to adapt Lanore
and Gillespie’s original stochastic simulation algorithm
(SSA) [31-33] of chemical rate equations to CD, we will
now consider the stochastic resolution of the CD system.
This method involves propagating one or more stochas-
tic trajectories in cluster size space [32,33]. The great
advantage of this stochastic approach is that it is almost
immune to the dimensionality curse as it is a Monte
Carlo method. This means that one can simulate dynam-
ical systems with very large numbers of degrees of free-
dom, which is impossible to do using purely deterministic
methods.

The work of Bulatov et al. [29] and Marian et al.
[34-38], among others, has developed a dedicated frame-
work and pioneered the adaptation of the stochastic sim-
ulation algorithm (SSA) of Lanore and Gillespie [31-33]
to cluster dynamics for irradiated materials. Notably, this
approach has been successfully applied to the irradia-
tion of W, accounting for the multispecies (He and H)
for the first time. These applications demonstrated the
usefulness of SSA-type methods in addressing the dimen-
sionality issue of multispecies systems, thanks to sparse
stochastic sampling from the underlying rate equation.
However, SSA has been shown to be quite inefficient in
systems exhibiting major stiffness issues, like typical RPV
applications, as the time increment between two simu-
lated reactive events becomes very small. Implementing
hybrid deterministic/stochastic approaches only partially
solves this issue [30]. The approach proposed by Vasav et
al. [6] further exploits the concepts of partial propensi-

ties [7-9], of internal times and the use of binary heap to
limit updates to reaction lists [10,11]. Order-of-magnitude
speed-ups are expected compared to the standard stochas-
tic algorithm (SSA) while maintaining the capacity to mit-
igate the computational burden linked to the multidimen-
sional clusters composition space.

To that end, CD equations must be reformulated as
chemical master equations. Let us consider a homogenized
system within a volume V' with N clusters types (chemical
species) S1,..., Sy involved in M reactions Ry,..., Ras.
The state of the system is modeled by the vector X (¢) =
(X1 (t),... X, (t)), where X, represents the number of
clusters of type o = ¥(n,p) and ¥ is the function that
gives the cluster index based on its chemical composition.

The reaction probability for each reaction R; is spec-
ified in terms of a propensity function a; = a;(X (¢),1),
which equals the product of the number of possible combi-
nations of reactive clusters involved in reaction R; and a
rate constant K;, representing the emission or absorption
rate.

Once a reaction R; is carried out, the number of
molecules for each species is updated according to the
state change vector v, that is, X (t) < X(t) 4+ v;. These
notations allow us to formulate the chemical master equa-
tion describing the evolution of the probability occupancy
vector P over time:

For an emission or absorption reaction of a mobile
cluster p, So — Sor + Sy, Sa + S, — S, we obtain
a; = AquXa(t) and a; = B, X (t) X, (t)/V, respec-
tively [32,33]. This connection between cluster reaction
rates highlights the dependence of propensities on the
number of clusters of each reacting species in the associ-
ated reaction. The propensities associated with bimolecu-
lar reactions (controlling the agglomeration of two clus-
ters for example), therefore depend on the product of
the number of clusters of the two species reacting by a
process controlled by the diffusion of a mobile cluster.
Consequently, after a bimolecular reaction, the propen-
sities associated with each of the two defect clusters
are recalculated and associated reaction times removed
from the priority list. These tasks represent a substan-
tial part of the overall computational cost of standard
SSA. We showed how to avoid these tasks by combining
an internal time scale and a binary stack to each mobile
cluster, inspired by the “next-reaction algorithm” by
Gibson and Bruck [10] and Slepoy et al. [11]. Its algo-
rithmic complexity is linear with respect to the number
of new reactions to evaluate after each reaction and loga-
rithmic with respect to the total number of potential reac-
tions [10] if a binary stack is used to prioritize the times of
all possible reactions. Depending on the cluster type and
type of reactions, we can divide all reactions into separate
classes:
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— The class {0} contains all emission reactions from clus-
ters but also the source terms due to irradiation (see
[6] for details on the corresponding queue)

— A class is considered for each type of mobile cluster S,,.
The reactions in this class correspond to the potential
absorptions of the mobile cluster .S, by all the immo-
bile clusters and by the mobile clusters S, such that
w > p

We then construct a priority queue P, containing all reac-
tions of this class. This classification of reactions into sep-
arate classes and the use of internal times allow us to avoid
re-calculating the propensities (rates) for all the reactions,
just the ones that were involved in the previous reaction.
For reaction between clusters a and p, given the internal
time 7, associated with P,, the potential internal time
increments 7, are drawn from the exponential distribu-
tion of parametera ., = Ba,,Xa, the partial propensity
that was made independent of X,, on purpose:

0T X Exp(da,,).- (10)

The next event candidate from the priority queue P, is
the reaction («, p1) such that:
(11)

0Ty = 0T p-

At a given physical time ¢, the physical time increment
until the next reaction corresponds to the minimum of

3

internal times rescaled with X, (t), the current number of
clusters in each class:

0t = min(67,/X,.(t)).

Where M is the set of mobile clusters classes.

Owing to its logarithmic complexity with respect to
immobile clusters, and linear complexity with respect to
the number of mobile species, this algorithm happens
to be very efficient when the number of mobile species
is small, which corresponds to the typical cases of clus-
ter dynamics. One typical application of the method
is the microstructure evolution in the FeHe system.
The characteristics of the parameterization we use can
be found in [30]. Notably, this parameterization does
not allow the formation of interstitial loops containing
helium atoms. The helium atoms can only be found in
the matrix or in vacancy clusters, thus forming helium
bubbles.

The first simulation was carried out with a volume of
V =5 x 1078 c¢m3, which allows for the simulation of a
physical time of 1353 seconds after 24 hours calculation
on a single core. Figure 6 shows the distribution profiles
of clusters as a function of their helium and vacancy com-
position (top panel) for the microstructure obtained at
the end of the simulation. The color of the symbols indi-
cates the number of helium-vacancy clusters. A logarith-
mic color scale is used to highlight the contrast in cluster

(12)
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Fig. 7. Distribution of He-vacancy and He-interstitial clusters at time t=1353 s during the stochastic cluster dynamics simulation

of the FeHe system with a volume of V=2 x 107'%cm

densities according to their size. The distribution of inter-
stitial dislocation loops is plotted as a function of the num-
ber of interstitial atoms in the loop in the bottom panel.
Figures 7 and 8 also show the distribution profiles
obtained for times of 2.9 x 10%*s and 2.8 x 10”s, with
simulation volumes of 2 x 107'1%cm? and 2 x 1072 cm?,
respectively.

We observe that using smaller volumes allows for the
simulation of longer times, which is easily explained by
the fact that the smaller the system volume, the fewer
the number of clusters. We also observe that with a
small simulated volume, it is only possible to infer the
regions of the phase space with high cluster densities,
but post-processing is required to estimate the isodensity
lines.

We now show that the number of clusters simulated
by stochastic dynamics follows a linear scaling law with
the simulated system volume beyond a certain thresh-
old. To demonstrate this, we plotted on the left graph
of Figure 6 the densities of large clusters as a function
of physical time during simulations performed at con-
stant volume. The density of large clusters is obtained
by dividing the number of recorded clusters by the sys-
tem volume. We observe that the density curves obtained
with different volumes overlap well in Figure 9, highlight-
ing the presence of a linear scaling law for the num-

ber of clusters as a function of the simulated volume
beyond the threshold of 5 x1071% ¢cm?3. Below this thresh-
old, significant side effects occur. This scaling law val-
idates the stochastic cluster dynamics approach, whose
goal is to reproduce deterministic cluster dynamics sim-
ulations that consider the limit of an infinite-volume
system.

In the right panel of Figure 9, we show the compu-
tational acceleration enabled by the use of binary heaps
compared to the direct algorithm, as a function of the
simulated physical time. The acceleration factor is occa-
sionally estimated during the simulation by directly sum-
ming the propensity functions associated with all possi-
ble reactions. We observe a very significant acceleration—
nearly two orders of magnitude. This acceleration factor
tends to decrease as the simulation progresses. This trend
is well explained by the use of a memory-saving proce-
dure that we implemented (“embedded clusters” see [6] for
details).

For the application of FeCu alloys [6] up to 4 orders
of magnitude increase in the number of reactions were
achieved for similar CPU run-times compared to the origi-
nal Gillespie-Lanore SSA algorithm. This will make it pos-
sible to treat multi-solute CD systems efficiently by con-
sidering two or more solute atoms types in mixed defect-
solute clusters.
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4 Kinetic activation relaxation technique
with on-the fly prefactor calculations

In the previous sections, we have seen that algorith-
mic developments on kinetic Monte Carlo methods allow
for increased efficiency in physical time simulation. Now,
we turn to developments that allow for more advanced
physical models. Diffusion rates of simple point defects,
such as vacancies and interstitials, are generally assumed
to depend on energy barriers only, as evidenced by the
large number of kinetic Monte Carlo studies that rely
on constant jump rate prefactors (also known as attempt
frequencies):

I'(T) = Tye™ (P B)/kT (13)
where I is the jump rate, I is the attempt frequency, T'
the temperature, F; and E are the initial and saddle point
energies, respectively, and k is the Boltzmann constant.

While this is mostly correct when energy barriers are
well separated from each other in systems with little elas-
tic deformation (i.e. typically in simple elemental crystals
and ordered alloys), entropic variations between the local
minima and associated activated states become increas-
ingly important as energy barriers of diffusion-mediating
mechanisms get closer or the elastic strain becomes sig-
nificant, such as in disordered environments. In many
systems, a linear correlation is observed between the
prefactor and the activation barriers. This phenomenon
corresponds to the long-recognized Meyer—Neldel (MN)
compensation rule [39,40] which, in glasses and amorphous
systems, can be explained as a correlation between local
geometry and vibrational models [41]. While the disorder
in high entropy alloys is only chemical, the unexpected
slowdown in defect diffusion observed for these systems,
characterized by the presence of many different elements
in roughly equal proportions, led us to revisit the role of
prefactors.

We use the Activation-Relaxation Technique (ART
nouveau) [42,43] to sample the energy landscape and
compute the transition rate for each specific event using
the harmonic Transition State Theory (hTST) [44], an
approximation that has been shown to capture the essen-
tial part of the entropic contributions for these mech-
anisms [41]. At variance with rigid lattice KMC, this
relaxed-lattice kinetic Monte Carlo technique naturally
takes into account elastic and lattice distortion effects,
which are crucial in disordered systems such as high
entropy alloys and disordered systems in general. Monte
Carlo Metropolis type trial displacements centered on all
first, second and third-neighbour atoms surrounding a
vacancy are randomly generated to build an extensive cat-
alogue of events containing the initial, saddle and final
configurations. For each event, the prefactor is either com-
puted within the harmonic approximation as described
in Equation (3) or given a constant value of 1013 s71.
Combining the prefactor with the energy barriers, we
obtain the total rate associated with moving out of the
current configuration. To facilitate the operations on the
event-based catalogue and ensure that specific events are
only counted once, we use, more specifically, the kinetic

Activation-Relaxation Technique (k-ART) package [45,46]
and launch at least 25 event searches per unique topology
for each atoms surrounding the vacancy. This extensive
search ensures a rich sampling of the energy landscape
surrounding the vacancy. The harmonic Transition State
Theory (hTST) [44] defines the transition rate prefactor
as

(14)

where v and /" are real vibrational frequencies at the
saddle point and the minimum, respectively, and are
obtained by computing the dynamical matrix

— 1 aQV
iajB = \/Waxi,aaxjﬂ,

where 4, j run over all atoms, «, 3 are the cartesian coor-
dinates (z, y, z), V is the interaction potential, and m;
the atomic mass. The matrix can be obtained through a
centred-finite difference formula with small finite displace-
ments of 0.01 A, for the selected potential. Frequencies
correspond to the square root of the dynamical matrix
eigenvalues. Combining the Activation-Relaxation Tech-
nique nouveau (ART nouveau) and the harmonic approx-
imation for computing diffusion prefactors (referred as
hTST), we find that vacancy diffusion prefactors in a
55Fe-28Ni-17Cr concentrated solution alloy modelled with
EAM empirical potentials can vary by up to six orders
of magnitude, at almost constant energy barrier as illus-
trated on Figure 10 [47].

This amplitude of variation, mostly associated with
changes in local pressure, suggests that prefactor could
play a much more important role than previously thought
in the defect kinetics of high entropy alloys [48] and of
disordered systems such as the concentrated alloys for
austenitic stainless steels.

We also calculated the vacancy diffusion coefficient by
monitoring the mean square displacement (MSD) and how
the system’s total energy dissipates through this process
[48]. This analysis revealed a consistent trend: vacancy dif-
fusion is not random but rather exhibits a marked prefer-
ence for migration into specific local atomic environments,
which can be understood by considering local strain fields
and interatomic interactions.

In particular, the vacancy shows a tendency to diffuse
toward Fe-depleted regions, which is linked to the chem-
ical strain induced by Ni-Cr bonds, the longest among
the alloy’s binary interactions. These longer bonds intro-
duce local compressive strain, lowering the energy bar-
riers for nearby atomic rearrangements and making these
regions more accessible to vacancy migration. This behav-
ior is especially prominent in simulations using a constant
attempt frequency, where diffusion pathways are selected
solely based on energy considerations.

However, the picture changes substantially when we
introduce vibrational entropy effects via harmonic Tran-
sition State Theory (hTST). In these simulations, the

D

(15)
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Fig. 10. Transition rates calculated using the harmonic Tran-
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computed with a constant prefactor (bottom axis) and corre-
sponding energy barriers (top axis). The various dashed lines
indicate where the data points would lie if the hTST rates
matched those computed with a constant prefactor from 10°
to 10'° s71[47].

prefactors for each transition are calculated explicitly
based on the local vibrational spectra at the initial
and saddle-point configurations. This introduces a broad
distribution of prefactors, which effectively acts as an
entropic weighting factor on the transition rates. Con-
sequently, while some high-barrier events become more
kinetically viable due to large prefactors, others—despite
being energetically favorable—are suppressed due to lower
vibrational contributions. The net result is a slower system
evolution, as reflected in the delayed atomic and vacancy
displacement in h'TST simulations, and a reduced rate of
energy dissipation, as seen in the flatter energy relaxation
curves seen in Figure 11.

This interplay between energy barriers and vibrational
prefactors is further illuminated by analyzing the statis-
tical correlation between the two. When considering the
full catalog of potential events generated during the sim-
ulations, we observe that Fe exhibits a negative correla-
tion, meaning higher energy barriers are not compensated
by correspondingly high prefactors. Ni and Cr show little
to no correlation. These results, illustrated in Figure 12
(top), deviate from the expectations of the Meyer—Neldel
compensation rule, which posits a positive correlation
between activation energy and prefactor due to entropic
contributions compensating for higher barriers.

However, a critical distinction emerges when we
restrict the analysis to kinetically selected events, i.e.,
those that are actually executed during the kMC evolu-
tion. As shown in Figure 12 (bottom), these events do
conform to the Meyer—Neldel rule, exhibiting a clear pos-
itive correlation between prefactors and barriers across
all species. This indicates that the system’s dynam-
ics naturally favor pathways that balance energy and
entropy, selecting higher-barrier transitions only when
they are entropically supported by large attempt frequen-
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Fig. 11. Comparison of vacancy diffusion and system ener-
getics from 50 KMC simulations (~2000 steps each) using the
harmonic Transition State Theory (hTST) prefactor (orange)
and 50 KMC simulations (~2000 steps each) using a constant
prefactor (blue). (top) Mean square displacement of a single
vacancy. (bottom) Evolution of the system’s total energy [48].

cies. Notably, this compensation effect is strongest for Cr,
which already has lower average barriers, while Fe and Ni
and though less mobile in the full event set, gain promi-
nence in the kinetics due to favorable prefactor-barrier
combinations.

This shift underscores an important conceptual point:
in some systems, diffusion may be governed not just by
the availability of low-energy pathways, but by a complex
competition between energy and entropy. Methods such as
kART-hTST are needed to capture this balance, enabling
the identification of truly relevant diffusion mechanisms
rather than those that are merely energetically accessible.

More specifically, these findings emphasize that the
explicit treatment of vibrational entropy is essential for
accurately modeling diffusion in chemically disordered sys-
tems. Simplified, constant-prefactor models can misrepre-
sent not only diffusion rates but also the species-specific
roles in defect transport, potentially leading to flawed pre-
dictions of microstructural evolution.
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Fig. 12. Logarithmic values of hTST prefactors plot-
ted against their corresponding energy barriers for Fe, Ni,
and Cr. (top) All the possible events from the simula-
tions are included, with compensation effects determined
via linear fits to events with barriers above 0.3eV, yielding
slopes of —0.587(0.006)eV~" (Fe), —0.070(0.002)eV~" (Ni),
and 0.017(0.004)eV~' (Cr). (bottom) A curated subset of
selected events above 0.3eV shows compensation slopes of
0.47(0.02)eV 1, 0.49(0.02)eV™!, and 1.29(0.04)eV~* for Fe,
Ni, and Cr, respectively. Values in parentheses represent the
standard deviation of the linear fit [48].

In summary, the correlation between energy bar-
riers and prefactors reveals vibrational entropy as a
dynamic moderator of atomic diffusion, not a passive
thermodynamic quantity. By integrating energetic and
entropic effects, tools like KART-hTST bridge atomistic
detail and mesoscale behavior, providing powerful capa-
bilities for predicting the long-term evolution of com-
plex alloys, including high-entropy and radiation-tolerant
materials.

5 Conclusion

Atomic Monte Carlo methods are central in irradiated
microstructures modelling. In the case of rigid lattice

kMC, the ability of the algorithm to reach long evolu-
tion times is often limited by kinetic trapping of the sim-
ulated trajectories within low energy basins presenting
small intra-basin barriers. This can be alleviated by imple-
menting non-local jumps relying on the theory of absorb-
ing Markov chains. To reach even larger time scales, many
models rely on huge systems of cluster dynamics equa-
tions which are usually solved deterministically. Monte
Carlo schemes can solve them using dedicated algorithms
relying on binary heaps to make them more efficient. To
study the origin phenomena like slow diffusion processes
in HEA with kMC techniques, one must first address
other types of limitations of kMC such as, the rigid lattice
approximation, the absence of elastic fields and of vibra-
tional entropy contributions. An improved version of the
activation-relaxation technique can be used for such a pur-
pose and reveals substantial effects of the spread in jump
rate prefactors.

These kMC methods and developments allow to accu-
rately determine the properties of complex defects and
their evolution, which provide inputs for OKMC and CD
for coarse graining the microstructure evolution under
thermal ageing or irradiation.
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