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Abstract. Deterministic nuclear reactor neutronics codes employing the prevalent two-step scheme often
generate a substantial amount of intermediate data at the interface of their two subcodes, which can impede
the overall performance of the software. The bulk of this data comprises “few-groups homogenized cross-
sections” or HXS, which are stored as tabulated multivariate functions and interpolated inside the core
code. A number of mathematical tools have been studied for this interpolation purpose over the years, but
few meet all the challenging requirements of neutronics computation chains: extreme accuracy, low memory
footprint, fast predictions. We here present a new framework to tackle this task, based on multi-output
Gaussian processes (MOGP). These smooth and tunable bayesian regressors are able to model several
quantities at once, and to capture the correlations between them — a key asset in the modeling of HXS’s,
which we show to be highly similar from one another. Several models of this family are discussed, compared,
adapted to the case of very numerous HXS’s, and their possible modeling choices are experimented on.
These machine learning models enable us to interpolate HXS’s with improved accuracy compared to the
current multilinear standard, using only a fraction of its training data — meaning that the amount of
required precomputation is reduced by a factor of several dozens. They also necessitate an even smaller
fraction of its storage requirements, preserve its reconstruction speed, and unlock new functionalities such
as adaptive sampling and facilitated uncertainty quantification. We demonstrate the efficiency of this
approach on a rich test case reproducing the VERA benchmark, proving in particular its scalability to
datasets of millions of HXS’s.

1 Introduction responding HXS is defined as:
1.1 Problem description 0ir(E,T)®(r, E,P) drdE
B, 1<E<E, @7 5 )
Most deterministic neutronics codes make use of the so- Uz ’TV (P)= s (1)
called “two-step scheme”, and thus pass processed nuclear /E cben ®(r, E,P) drdFE
g—1>x~>bg

data at the interface of their two subcodes (lattice code
and core code). This data consists mainly of few-groups
homogenized cross-sections (denoted HXS in this
article), which quantify the interaction of neutrons with
matter. For a given isotope ¢ and nuclear reaction r, a
spatial region V' and an energy range [E4_1; E4], the cor-

reVv

where o, -(E,T) is the native, “physical” cross-section as
delivered by a neutronics data library, ® the (scalar) neu-
tron flux, and P a set of operating parameters (tempera-
tures, burnup, etc.) on which the flux ® computed by the
lattice code depends. The flux-weighted averaging aims
at preserving reaction rates in the given energy range;
this definition makes the HXS’s depend on the operating
parameters P. They are therefore represented as multi-
variate functions, of generally 3 to 7 variables'.

! Because of definition (1), these variables can be macro-

“e-mail: olivier.truffinet@edf.fr scopic and global (boron concentration in the moderator,
# Currently employed at institution 1, but worked at institution assembly-level burnup...) even if the notion of cross-section
2 at the time of this work. is intuitively attached to an isolated nucleus.
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Fig. 1. Typical aspect of the 2-group thermal absorption
XHS of Xenon 135 (homogenized on a fuel cell). The wire-
frame mesh corresponds to a realistic multivariate grid for
multilinear interpolation. (a) Projection on the Bu (burnup)
and Ty (fuel temperature) variables. (b) Projection on the
T, (moderator temperature) and C, (boron concentration)
variables.

To solve a given reactor state, the core solver requires
a set of HXS matching the current operating conditions;
but these cross-sections can usually not be computed on-
the-fly, lest computation times would skyrocket. In cur-
rent computation chains, they are therefore tabulated in
advance, then interpolated inside the core code. A pop-
ular tool for this has been multilinear interpolation [1,2],
which is simply a piecewise interpolation method of degree
1; but despite some significant advantages (in particular
simplicity, error control and speed), this model is sub-
optimal in terms of accuracy, data usage efficiency and
storage requirements, which is becoming more and more
of a burden as the finesse of simulations increases. There
is thus a pressing need to develop more efficient interpo-

lation /regression schemes, by exploring three complemen-
tary approaches:

e Finding better function approximators: HXS’s
are very regular quantities, so it is questionable to
approximate them with local, memory-based methods
such as multilinear interpolation when proficient and
easily-tunable smooth estimators are available;

e Getting rid of full grids: HXS’s exhibit weak inter-
actions between variables, so fitting approximation
models to them on full grids is very data-inefficient,
and sparse or unstructured supports should be used
instead;

e Leveraging redundancy: HXS’s are strongly corre-
lated between them, as most of their variations orig-
inate from the homogenization operation, performed
with a flux which is common to all. Exploiting the low
effective dimensionality of HXS datasets can thus be a
powerful way of avoiding useless computation.

These three lines of work have been investigated in the
last decades; note that the first two are often intertwined,
as the choice of an approximator can put constraints on
the interpolation support.

1.2 Existing methodologies

Better and grid-less approximators. Polynomzial
models, whether global or local, have been especially
studied by practitioners. Works on HXS reconstruction
with global polynomials include multivariate polynomial
regression in [3] (backed by a cubic spline for the burnup
variable), quasi-regression performed as an ANOVA anal-
ysis in [4], and hierarchical interpolation on sparse grids
in [5]. Local polynomials refer to splines, which have been
studied thoroughly in [6]. All these methods yielded sat-
isfactory results, with relative interpolation errors of the
order of 0.01%2, and significant data and storage savings
— especially with global models for which a few dozens of
polynomial terms are usually enough to model a HXS. Yet
they all have their limitations:

e They struggle with the build-up of many isotopic con-
centrations at the start of the reactor, which causes a
sharp variation along the burnup axis in many HXS’s?
— as it can be seen in Figure la — and require some
specific “trick” to account for it (addition of a cubic
spline in burnup in [3], refined meshes at low Bu values
in [6], etc.);

e They sometimes suffer from oscillation problems [6]
— the well-known Runge phenomenon for polynomial
interpolation [7];

e They still require large numbers of data samples to be
fitted on, from 640 in [3] to dozens of thousands in [4];

2 This seemingly impressive value must be put in perspective:
HXS’s often vary little around their mean value, which makes
all relative errors low.

3 This is due to the role of concentrations in self-shielding
calculations, which play an important part in HXS generation
by the lattice code.
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e Some of them maintain an inconvenient grid-like struc-
ture: full grids for the spline models in [6], sparse grids
in [5], factorized (burnup x other variables) support
in [3] (which imposes to store and use depletion cross-
sections in addition to the branch ones);

e Some of them rely heavily on hand-tuned hyperparam-
eters, such as the location of spline knots in [6] or the
anisotropy vector in [5], which could lead to problems
of generality when applied to different datasets.

The first two items highlight a more general fact: low-order
polynomial methods are known to struggle with steep or
localized variations, so it is likely that future test-cases
will put these methods in difficulty, in particular if more
variables are added.

By contrast, kernel methods are in principle able to
deal with any function shape, and work with any multidi-
mensional set of points. First results have been obtained
with them: in [8], Support Vector Regression was investi-
gated and yielded good performance, with relative errors
of the order of 0.05% — although with an unspecified num-
ber of training data. In [6], the author experimented on
kernel regression and also obtained good results, reaching
accuracies one order of magnitude higher than with mul-
tilinear interpolation for a same number of datapoints.
Yet these two references don’t leverage the full poten-
tial of kernel-based approximation: they still use Cartesian
grids as an interpolation support, and use rather outdated
regressors, devoid of automatic hyperparameter tuning in
particular. Moreover, with these models the time spent
to make a prediction is linear in the number of training
points: this is less favorable than with multilinear inter-
polation, for which this duration is only proportional to
24 with d the number of variables, and can turn out to be
a problem if high interpolation speed is required in appli-
cations. Therefore, there is still room for improvement in
this line of work.

Lastly, Artificial Neural Networks (ANNs) are a trend-
ing tool for many regression problems, and they are begin-
ning to be investigated for the approximation of HXS’s.
Still in [6], the author experimented on many differ-
ent ANN architectures, but didn’t manage to reach the
accuracy of multilinear interpolation, let alone this of his
previous work on kernel methods. In [9], a three-layered
multi-layer perceptron (MLP) — one model outputting the
20 HXS’s contained in the dataset — was able to outper-
form multilinear interpolation, but at the cost of a 20-fold
increase in storage requirements?, and of a rather high
prediction duration of ~10~*s per HXS and point. In [10],
the authors also used a (smaller) 3-layered multi-output
MLP, coupled with a step of Principal Component Analy-
sis (PCA) for dimensionality reduction, to simultaneously
approximate all HXS’s; they obtained good results, with
relative errors of the order of 0.1%. The great original-
ity of their approach is to get rid of the burnup variable
by taking isotopic concentrations as inputs of the model,
which also enables it to account for history effects. Lastly,
the ANN of [11] uses a convolutional structure to model

4 This increase is not discussed in the paper; we computed it
by comparing the number of weights of the proposed ANN and
the number of grid points used by the multilinear baseline.

the spatial relationships between the equivalence param-
eters of all the fuel cells in a given assembly. In all these
works, ANNs appear less promising than kernel methods,
requiring more data to reach a similar accuracy, and mak-
ing for less efficient computations; this will be discussed
in the concluding section. They are also dependent on a
profusion of hyperparameters, in particular the number of
layers and the size of each one, which significantly affect
the predictive performance and thus require systematical
testing of many architectures.

Dimensionality reduction. As stated before, as compu-
tational data becomes more numerous in neutronics codes,
it is also likely to become more redundant; by resort-
ing to dimensionality reduction techniques (compression,
projections. ..), one could therefore deal with this data
more efficiently. Recent studies have begun exploring this
avenue. In [12], singular values decomposition (SVD) was
used to perform lossy compression on HXS’s from distinct
fuel cells; this method authorized 90% of memory sav-
ings at the expense of losing only 1076 of the dataset’s
variance, which incurs only a few pcm of error on the
ko The same approach was followed in [13] with Boiling
Water Reactor HXS’s, with similar results. In [6] and [9],
as previously mentioned, multi-output ANNs were able to
jointly approximate all HXS’s from a dataset with rela-
tively low errors; these networks being both shallow (3
layers) and narrow (only ~10 “neurons” in some layers),
they constitute a low-dimensional representation of HXS
datasets. Dimensionality reduction has also been used on
other neutronic quantities: 618-group HXS-flux products
in [14], isotopic concentration data in [15], or even local
burnup data in [16]. These works are already showing the
potential of dimensionality reduction in neutronic com-
putation chains, although they could still be improved in
several ways: better choices of variables to compress or
neglect, addition of normalization schemes.

2 Description of the model

2.1 Single-output Gaussian processes

The basic theory of Gaussian processes (GP’s) is now
well-known in many applied mathematics communities;
a good pedagogical introduction can be found in a ref-
erence manual on the topic [17]. As stated in definition
2.1 of this book, “A Gaussian process is a collection of
random variables, any finite number of which have a joint
Gaussian distribution”. Performing Gaussian process
regression of some data starts by modeling these data
points as observed (probabilistic) samples from an under-
lying Gaussian process®. Using the joint distribution of
these observed values and unobserved ones, probabilities
can be estimated for the quantity to be interpolated by
conditioning this distribution on known (observed) values.

5 This apparently intimidating modeling in fact makes no
assumption about the data, apart from being continuous. Gaus-
sian processes are known to be universal approzimators: they can
model any smooth function up to arbitrary precision if enough
samples are provided.
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To fix notations, let (X;,¥;);<;<, be a set of n input-
output datapoints, where the x;’s are d-dimensional and
y;’s are scalars. The output values are supposed to be
noisy observations of the interpolated quantity f(x): y =
f(x) + e(x), where € is an i.i.d. (Independent and Identi-
cally Distributed) Gaussian noise of magnitude o2, that
is, Ele(x)] = 0 Vx and Cov[e(x),e(x')] = 0%0xx (6
is the Kronecker symbol). We assume that f follows a
Gaussian process of mean function m(x) and covariance
function k(x,x’), where m(-) can be any real function and
k(-,-) is a kernel, i.e a symmetric positive definite func-
tion. As for any Gaussian variable, f is entirely specified
by its mean and covariance. If x, is an unobserved input
point, X = (X;);.;~, denotes the training data inputs
and y = (¥i),<;<, their matching outputs, following the
Gaussian process assumption, one can write the joint dis-
tribution of the unobserved and observed values:

o] = (| e %))

In order to simplify notations, we denote K = k(X, X),
ke, x = k(X,x) and k;,, = k(X«,Xx). One can deduce
from Equation (2) the conditional distribution of f(x.)
given the observations (Eq. (3)); the mean of this Gaussian
distribution constitutes the regression estimator per se,
whereas its variance serves as a measure of uncertainty.

Fx)[ X,y ~ N(m(x.) +kE x (K +0°T) ' (y —m(X)),

Koo, — kT x (K+02T) " ky,x)
(3)

One key to good regression accuracy is obviously to
use a covariance function (and to a lesser extent a mean
function) able to reproduce the observed data well. The
strength of the GP methodology lies in the possibility to
chose them as members of parametric families of func-
tions — squared exponential kernel for the covariance, lin-
ear model for the mean... — and tune their parameters
by mazimum likelihood estimation, that is, by maximizing
the marginal log-likelihood (MLL) of the data given the
current model parameters. This MLL has the following
expression in the case of a Gaussian noise € and a zero
mean function m(-):

1 - 1
logpe (y) = fin (Ko + 021) ! y—5 log |K9+GQI‘*g log 27

(4)

where © denotes model parameters: the noise o2 and all
parameters 6 of the covariance function. This optimiza-
tion procedure can be performed efficiently by modern
automatic differentiation tools and is usually well-behaved
(monotonic decrease of the loss function).

2.2 Multi-output Gaussian processes

We now want to perform multitask regression, that is,
to model simultaneously several correlated quantities —

in our case several HXS’s. Gaussian processes can be
adapted readily to this setup, as long as a correlation
model between outputs (regression tasks) is specified [18].
A sensible framework for representing cross-task correla-
tions is to model these outputs as linear combinations of
some unobserved and independent GPs:

yi(x) = my(x) + Y Hjiui(x) +¢;(x) Vi€ [Lp] (5)
i=1

with p the number of outputs to model, m;(x) the mean
function of the j-th output, u;’s zero-mean and mutually
independent Gaussian processes of respective kernels k;,
H € RP*4 the mizing matriz which mixes these processes
into observed outputs, and the ¢; ~ N(O,O'JQ- I,) task-
specific and independent white noise terms®. The param-
eters of the model are: all coeflicients of H, the noises
0;’s, all parameters of the kernels k;’s and mean functions
m;’s. They can still be tuned by MLL optimization. The
underlying Gaussian processes u; are called latent pro-
cesses, which means that they are a low-dimensional and
unobserved embedding of the observations.

The resulting model is dubbed linear model of core-
gionalization (LMC) and is again described in [18]; unfor-
tunately, the runtime of computing the multi-task
versions of Equations (3) and (4) for this LMC is
cubic in the number of points n and number of
tasks p. Several approximations or simplifications have
therefore been developed in recent years, the most promi-
nent being the intrinsic coregionalization model (ICM,
[19]) and the wariational LMC7 [20]. Another simpli-
fication, the Projected LMC, has been introduced by
the authors in a yet-unpublished article ([21]). Lastly, a
simplified and training-less approach, the Lazy-LMC, is
described in the next section. The description of these
models, even with little detail, is cumbersome and out-
side the scope of this article; we only give an overview of
their main features and shortcomings in Table 1, as well
as references sufficient to grasp their definition and imple-
mentation.

2.3 A convenient, training-less multitask model: the
Lazy-LMC

One of the MOGP models used in this work is an ad hoc
construction absent from the literature, so we describe it
here. The purpose of this model is to be training-
less, that is, to have no free parameter to tune: this
way, the interpolation of HXS’s can be done directly
from the data, without having to resort to an optimiza-
tion phase and to the associated numerical tools — auto-
differentiation library, etc.

6 Although more complex cross-task noise structures can be
specified.

7 In fact this term doesn’t describe a specific model, but
rather the application of inducing points and variational
approximations to the LMC framework. To our best knowledge
no existing paper is dedicated to describing this integration,
but clear descriptions can be found in the provided reference.
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Table 1. Features of the multi-output Gaussian process models studied in this work.

Model Advantages Shortcomings Refs.
ICM No approximation. Computational costs are cubic in the number of [19],
tasks — although variants of the model lifting this [25]

Simple expressions and covariance structure.

Closed-form LOO expressions are available (see 4.3).

Accommodates any noise term, thus can be used
straightforwardly for uncertainty propagation.

Can handle missing data [22] (situation where not all
tasks are observed at every input training point).

bottleneck using a low-rank cross-task correlation
matrix could be devised.

Lesser expressiveness: all latent processes share the
same kernel (same lengthscales, etc.).

Requires advanced implementations for large-scale
variance computation (see [24]) and other advanced
functionalities (inducing points approximations,

etc.).
The training data can be updated easily (or even with
rank-1 updates [23]), without retraining the model.
VLMC Computational costs are linear in the number of regres- “Black-box” model, in which the relationship [20],
sion tasks. between the training data and predictions is lost. [26],
(27],
(28]
Very flexible: the latent processes are independent, the In particular, impossible to derive closed-form LOO
loss function (lower bound of the MLL) factors over expressions, or to easily update the training dataset.
points and tasks and can be modified in various ways.
Natively implements an inducing points approximation, Heavily parametrized (all pseudo-input points are
which breaks the cubic complexity in the number of parameters).
datapoints.
Accommodates any noise term, thus can be used Difficult to ponder the various available approxi-
straightforwardly for uncertainty propagation. mations, in particular for obtaining well-calibrated
uncertainties.
Trivially handles settings where the outputs are
observed at different input locations.
PLMC No approximation, but a constrained noise model. Convergence of training is slower and/or less stable [21],
in some settings. [24],
[29]
Computational costs are linear in the number of regres- The constraint put on the noise term prevents usage
sion tasks. for uncertainty propagation at the moment.
Flexible: the latent processes are independent condi-
tionally upon the training data, the loss function (MLL)
factors over points and tasks (except for some cheap
terms).
Can trivially implement any approximation devised Cannot accommodate non-zero mean functions or
for single-output Gaussian processes, by wrapping the missing observations at the moment.
latent processes with it.
Closed-form LOO expressions are available (see 4.3).
The training data can be updated easily (or even with
rank-1 updates [23]), without retraining the model.
Lazy-LMC Requires no training. Non-rigorous model, unable to deliver reliable uncer- 2.3,
tainty estimations. [24]

Computational costs are linear in the number of regres-
sion tasks.
Closed-form LOO expressions are available (see 4.3).

The training data can be updated easily (or even with
rank-1 updates [23]), without retraining the model.
Can trivially implement any approximation devised
for single-output Gaussian processes, by wrapping the
latent processes with it.

Accuracy not guaranteed if the magnitude of the
data noise was misspecified.

Prone to conditioning issues.

Looking at Equation (5) (and the following explana-
tory paragraph), we can list a number of parameters,
which value we have to set without resorting to optimiza-
tion methods. This job is detailed in Table 2. Several clar-
ifications should be added to this list:

e A zero mean function is retained for each regression
task (HXS to model): m;(-) = 0 Vj. This is a very
common assumption in Gaussian process modeling, as
the kernel-based component of the model is usually
sufficient by itself.

e Setting H to the principal components of the data
matrix Y is not an arbitrary choice: there is in fact
a strong connection between the LMC model and the
Probabilistic Principal Component Analysis® (see for

8 In short, the only difference between them is that the LMC
assumes a correlated Gaussian structure for each principal
component of the data, while the PPCA assumes an uncor-
related one (i.i.d. Gaussians).
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Table 2. Description of the Lazy-LMC model. For each parameter featured in the definition of the LMC (Eq. (5)), a
procedure is given to set its value to an adequate one. See Section 2.3 for more information.

Term Description

Procedure to set value or neutralize

m;(-)

task

Mean function of the j-th regression

Set to 0

¢j ~N(0,051,) Noise of the j-th task

Set to a small value (107%). A noise of this mag-
nitude is also added to the latent processes during
interpolation

H Matrix mixing latent processes into

observable signals

Set to the ¢ first left singular vectors, multiplied by
their associated singular values, of the data matrix
Y

k; Kernel of the i-th latent process u;

Chosen to be the parameter-free cubic spline kernel
of Equation (6)

instance [30]), so we can hope for this method to yield
a good estimate of the optimal mixing matrix.

e It would be delicate to set the parameters of a given
kernel to an adequate value without tuning them
to the data. Instead, a safer choice is to choose a
parameter-free kernel right from the start. To this end,
we retained the cubic spline kernel of [31], defined in
Equation (6), which in 1D emulates a cubic smoothing
spline:

h(x, %) = f[l (1 + g+ %u? (vi - 1;)) (6)

w; = min(x;, x})
v; = max(x;, x})

One key feature of this kernel is that it is non-
stationary (see Sect. 2.4): this guarantees its flexibility,
making it able to match the local roughness of the data
despite the absence of parameter tuning.

In the end, the philosophy behind this proposed model —
dubbed Lazy-LMC from now on — is straightforward. To
make predictions with it, one simply:

e Computes the truncated Singular Values Decompo-
sition (SVD, equivalent to PCA) of the data, for ¢
principal components which will correspond to ¢ latent
processes;

e Interpolates these principal components with indepen-
dent Gaussian processes implementing a parameter-
free kernel, as in Equation (6);

e Lifts these interpolations to the original space by
applying the inverse PCA transform (multiplication by
the matrix of principal directions, i.e in this case the
mixing matrix H).

Note however that this procedure is not rigorous, and
doesn’t guarantee good statistical properties”. Its predic-

% Indeed, it implicitly assumes that the latent processes are
independent conditionally on the observations, which it not the
case here. The Lazy-LMC can be framed as a PLMC model
([21]) which main assumption has been overruled rather than
enforced.

tions themselves should be accurate, but its measures of
uncertainty such as the predictive variance are irremedia-
bly flawed.

2.4 Application to the neutronics problem

Let’s now specify how this framework can be adapted
to the interpolation of HXS’s. A LMC model is here
defined at the level of each fuel assembly. Each row
of the training inputs X € R"*? is a d-dimensional vec-
tor describing the state of the considered assembly: in our
test case, it is for instance (Bu,Tf, Tr,, Ch), with Bu the
burnup, Ty and 7}, the fuel and moderator temperatures
and Cj the boron concentration. Training outputs Y €
R™*P are stacked vectors of p HXS’s: each row Yj is a
complete set of them (for all spatial regions, isotopes, reac-
tions, energy groups. ..) evaluated at parameter point X;.
Then predictions y. at an unknown point x, (the interpo-
lation task) are obtained by computing p(f(x.)|Y) as in
Equation (3): the mean of this Gaussian distribution is the
interpolated values of the HXS’s, while its variance rep-
resents prediction uncertainty. We further specify below
three important choices made in our approach.

Grouping of the outputs. As stated above, we gather
all HXS’s from an assembly into the same LMC model:
this assumes that they can accurately be decomposed as
a linear combination of shared “prototypes” (latent pro-
cesses). This assumption is not hazardous but rather moti-
vated by prior work on the low effective dimensionality
of HXS datasets [32]. In fact, even defining one model
by assembly is superfluous, since the cited article shows
that HXS’s are as much correlated across different assem-
blies as within a given one; we only proceed as such for
application-related convenience, and because there would
be little computational gain in building an all-assembly
model. The reasoning behind this last statement — and
more generally, the question of the optimal size of a model
for our application — is discussed in Appendix B.

Note that the presented methodology doesn’t depart
from the standard interpolation pipeline of neutronics
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codes: a MOGP model can only be used on the very
assembly on which it has been trained (same geometry
and materials). More elaborate models could be devised
in order to generalize to unseen geometries or material
composition, for instance by taking fuel enrichment as a
parameter, or by modeling the spatial structure of fuel
cells. We leave such possibilities for future work.

Choice of the interpolation points. Unlike tradi-
tional methods such as multilinear or spline interpola-
tion, Gaussian process regression doesn’t require a
specific structure (multi-dimensional grids) for the
interpolation support: any set of multi-dimensional
points can serve as training data. This is a strong argu-
ment in their favor as it authorizes more flexibility and
above all more sparsity, full grids being notoriously data-
inefficient for modeling functions with weak interactions
between variables'® — which is the majority of real-life
quantities, HXS’s included. However, we must now select
a relevant set of interpolation points, with little guidance
as to its structure. A principled choice for this can be
low-discrepancy sequences or space-filling designs, quasi-
random sampling methods which fill the domain of inter-
est quickly and evenly. These tools have been thoroughly
studied for tasks closely related to interpolation (uncer-
tainty quantification, quadrature. . .); a popular sequence,
Sobol’ points, has shown itself to be very effective for
these tasks in a large variety of setups [33]. We therefore
retained this option in the present work. The good prop-
erties of Sobol’ points are only guaranteed if the sample
size is a power of two, so we stuck to such data sizes in
our tests. Here, we only present results for 256 points: we
found indeed model accuracy to strongly improve up to
this number, then nearly stall'!. Finally, let us mention
that Gaussian process methodology authorizes principled
adaptive sampling — incremental and intelligent construc-
tion of the training set — which we will discuss in the
conclusion.

Construction of the covariance function. In Expres-
sion (5) of the LMC model, each latent process u; follows
a GP with kernel k;; we have not provided so far a recipe
for these covariance functions. This encompasses at least
two questions: the choice of a mathematical function, and
this of a dependence structure between variables. For the
first one, the most common choice is this of a stationary
kernel: in this case k; is a positive function ¢ : R — R,

10 Tet us explain why on a simplified case, with two non-
interacting variables: suppose we approximate a function
f(z1,22) = fi(x1) + f2(x2) on a cartesian grid, with n points
on each axis. Then all points from a given xi-aligned row only
provide information about one value of f2, as x2 is constant on
this row. One could have taken instead the diagonal points of
the grid as a training set, retrieving the exact same amount of
information with n points instead of n>.

1 Tn the course of our experiments, we also trained models
on other datasets that these used in this article, like Sobol’
sequences with different direction numbers, or Latin Hyper-
cube Samples. The results were very consistent with these pre-
sented. In fact, chapter 6 of the Ph.D. thesis from which this
article is derived ([24]) shows that the obtained accuracy is
remarkably insensitive to the layout of the training points.

applied to a custom norm between multi-dimensional

P (\/Z?_l (xj — x;)Q /)\j>, with
A; a fitted lengthscale. The choice of a dependence
structure between variables refers to kernel compo-
sition: a sum or product of kernels being a valid
kernel, one can build partial kernels featuring only
some of the variables — for instance: kB“Tr(x,x') =
¥ (\/@na = 25.,)?Apu + (wry — ) Ars) -
then combine them appropriately. Note that it is cus-
tomary to scale the base kernel function k by a learned
positive parameter: k¥’ = ak; this has no effect on
the prediction themselves, but directly calibrates the
predictive variance, which is linear with respect to a.

In our experiments, we retained for testing four
stationary kernels and five groupings of variables, all
described in Table 3. The rationale behind our spe-
cific choices of groupings was to test several hypotheses,
namely, whether it was beneficial to:

points, k;(x,x') =

and

e Add an extra kernel containing the burnup variable,
so that it can resolve short-scale variations at reactor
startup;

e Add another variable (T or T, ), which we know to be
significantly coupled with the burnup (that is, HXS’s
are sensitive to the interaction of T, and Bu), to this
extra kernel;

e Have at least one kernel featuring all four variables, or
if on the contrary the “Fuel 4+ moderator” decomposi-
tion suggested in [34] was sufficient.

Choice of the mean function. We must also specify a
choice of mean function for the regression tasks — the m;’s
of Equation (5). This choice usually receives much less
attention in the GP literature; in fact, the mean function
is generally chosen to be zero, to the point that Equa-
tion (3) is in many places written without it. This is a
sensible choice, because GPs are so flexible that their pre-
dictions are little impacted by their mean function, as long
as the training data is abundant enough. When it is not
set to zero, this function is often modeled as a linear com-
bination of basis functions (linear terms, low-degree poly-
nomials. . .), as it is done in classical regression models. In
this case, it is written as m(x) = w’¢(x), with w the
weights of the linear regression and ¢(x) a vector of basis
functions evaluated at x. This regression-like approach can
be treated in a bayesian manner along with the GP com-
ponent: this introduces several complications, discussed
in chapter 2.7 of [17]. Otherwise, these weights can be
treated as deterministic parameters and tuned by MLL
optimization, which is the approach retained here. Note
that among our four candidate models (these of Tab. 1),
the PLMC is not yet compatible with non-zero mean func-
tions, and the Lazy-LMC will never be as its purpose is
to avoid any form of optimization'? — see Section 2.3. For
the other models, four types of mean functions were tested,
which are again given in Table 3.

12° One could however follow a two-stage approach, first fitting

the trend model (for instance a low-degree polynomial) to the
data by ordinary least squares, then subtracting it from the
signal and fitting the GP model to the residual.
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Table 3. Description of all modeling choices tested with a grid search. See Section 2.4 for explanations of the notation
(r) for stationary kernels, the lengthscale parameters \;, and the notations of variable decomposition. The piecewise-

polynomial kernel of order 2, taken from [35], is defined as such : ¢(r) = (1 — 7')ﬂ'_+2 (1 +(+2)r+ %TQ), where

j=1[%+3] and (-)4+ = max(-,0) denotes the positive part.

Option Candidates Candidates description Parameters

Zero m(x) =0 None

Mean function Co?stant m(x) = ¢ ¢
Linear m(x) =wTx +c w,C
Polynomial m(x) = 2?21 wixi+c wi, ¢

Squared exponential P(r) = e‘é i

Kernel function Matern 5/2 ¥(r) = (14 vbr + 2%’1"2)67\/?” A
Rational quadratic Y(r)=10+3)7" ¥, A

Piecewise polynomial See caption A

None k = akBuwTsTm:Co !
Variable decomposition Fuel + Mod k= akDwTs 4 g k5 B
Bu + Base k= a kB 4 BEBuwTrTm.Ch o, 3
Ty + Base k= akBwTr 4 g BuTsTm.Co o, B
T,, + Base k= akBwTnm 4 3BT Tmn.Cr a, B

2.5 Effect of the modeling choices

In order to simplify the presentation of the experi-
mental results, we evacuate as of now the question
of the impact of the previously-described modeling
choices, by showing that all “reasonable” options
yield similar results, and subsequently deciding
on a common set of them for all our MOGPs.
All options depicted in Table 3 were gathered in a grid
search'® — a systematical test of all the combinations.
They were implemented for single-output GPs, and for
our three trainable MOGPs (ICM, VLMC and PLMC -
see Sect. 2.2); the performances of the resulting models
were measured on the test set described in Section 3.1.
The results of this large experiment are tedious to repre-
sent, so we will summarize them shortly:

e “Advanced” modeling choices yield small ben-
efits, in particular for MOGPs. Choosing a com-
plex mean function or a nonbasic kernel decomposi-
tion can only improve accuracy by about 10—15%",
and can often be useless (for instance with the PLMC)
or even detrimental (with the VLMC). This was not
unexpected for MOGPs, as the fact that outputs are
linear mixtures of latent GPs can make complex model
features pointless: for instance, adding variable-specific
kernels with shorter lengthscales is less relevant if each
output already combines ¢ GPs with various length-
scales. Moreover, their optimization landscape is intri-

13 Which also included 5 values of the number of latent pro-
cesses ¢ in the range [15;40] in order to neutralize this factor.
14 Here, an “accuracy improvement of 10%” doesn’t mean
that one model is accurate up to 0.1% and the other to 10.1%:
it means that the latter is accurate up to 0.11%.

cate, meaning that adding complexity to the model
may not guarantee convergence to the global optimum.

e Modeling choices have different effects from one
model to another, and from the SOGP case. For
instance, the choice of kernel function has a notice-
able impact on the ICM, but not on the other models;
complex mean functions hinder the VLMC, but not
the other ones. The interactions between these choices
also differ for each model.

e If a specific grouping of variables is used,
one sub-kernel should contain all of them. The
“Fuel+Mod” decomposition of Table 3, only option not
to meet this criterion, yielded catastrophic results for
all models.

e All standard, long-ranged kernels yield similar
results, and this is true for all models; by this
we refer to the squared exponential, Matérn-5/2 and
rational quadratic kernels of Table 3. Here again, the
choice of kernel can only impact predictive accuracy
by 10—20% in relative terms, and their ranking varies
from one model to another. The main criterion for
choice should therefore be computational efficiency; in
particular, polynomial truncations of the exponential-
based kernels tried here could be put at test.

e By contrast, the Piecewise polynomial kernel
yielded significantly worse results in all set-
tings, hindering accuracy by more than 30%
in relative terms. The aim of testing it was to
investigate the use of compactly supported kernels for
greater computational efficiency: it can be seen indeed
from its expression in Table 3 that it is zero for
r > 1, meaning that datapoints far away from the
predicted one don’t contribute to the prediction. This
experiment thus advises against local interpolation, as
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Table 4. Specification of the input domain used in experiments.

Variable Description Unit Minimum value Maximum value Ng(‘)‘il}l?slin
Bu Burnup MWd/t 75 51000 29
Ty Fuel temperature K 273.15 2073.15 7
T Moderator temperature K 273.15 600 7
Cy Boron concentration ppm 0 2500 3
long-range terms app.arently contribute to predlctlo.n N i = . Pos P
accuracy; other findings of ours corroborated this e °° " S Sy & o .
. 15 L d ° L}
idea™. IDC' r e . .l .j~.: ® LIs] s noo ® -
i . n ¢ ; e ; @
All these observations lead to the same conclusion: sim- 1% s n e, ‘et F .l L
ple modeling choices should be favored when . » * L me . “pd ., ° .
using MOGPs for HXS approximation. More com- 1500 | '.‘.’. o % ° mm e L o °° .
plex options bring little improvement at best and can 3 e " &S N -
behave in unsettling ways — which differ from one model 8 A o - A& Y | s v
to another, one implementation to another, and perhaps 00]{ o ©°&° o" . -ﬂ' e LR
one dataset to another. In the remainder of this work, we o R el gom , *8 ° L, o
therefore stick to the following simple choices for all mod- ¥ ° . . ° - - ag®
els': a zero mean function for all tasks; squared 500 1 = o tme CRET o TNF o o °
N ° L ° °s o ° g
exponential kernels for all latent processes; and - . LR o o . e = af
no specific variable grouping (each kernel features the e e 2 - ® e’ . " "o
four considered variables). o & A A A 4 - -
25‘0 5{;0 75;0 10'00 12'50 leO l7l50 20'00
T
. ® Sobol (MOGP training set)
3 Experimental results . s testsen) _
A Cartesian grid (multilinear training set)

3.1 Test-case description

In this talk, we test our models on a full set of micro-
scopic HXS’s, sufficient to model a standard PWR. The
test-case reproduces the notorious VERA benchmark [36];
more specifically, it comprises the twelve assembly types
which describe the full core of problem n°5. HXS’s match-
ing this benchmark were computed with the neutronics
code APOLLO3® [37], a deterministic transport neutronic
code with multi-channels 1D thermal-hydraulic feedback
developed at CEA. They include 40 isotopes, correspond-
ing to actinides, disintegration chains of xenon and samar-
ium, intercycle elements and gadolinium isotopes; only
reactions of fission, absorption and scattering were consid-
ered. Two discretization schemes were adopted, leading to
two increasingly challenging datasets:

e A standard-discretized dataset, with 2 energy
groups, spatial homogenization at the level of the
assembly and 1 anisotropy level for scattering cross-
sections: this makes for 287 HXS per assembly (3444
in total), and a training dataset weighing about 3 Mb.

e A finely-discretized dataset, with 20 energy groups,
spatial homogenization at the level of the fuel cell and

15 Tn particular, forcing the lengthscale parameters A; of the
squared exponential kernel to small values yielded catastrophic
results, indicating that neglecting far-away datapoints was very
detrimental to prediction accuracy in our case.

16 Except for the Lazy-LMC of Section 2.3, for which we
explained the necessity of using the spline kernel of Equa-
tion (6).

Fig. 2. Schematized view of the three sets of input points
used in the experiments, projected in the plane (T, Cb). Color
fading represents the euclidian distance to the projection plane.

4 anisotropy levels for scattering cross-sections: this
makes for about 360000 non-zero HXS per assembly
(4.3 millions in total), and a training dataset weighing
about 8 Gb.

As explained in paragraph 2.4, the retained set of
points used for training our MOGPs is a 256-point
Sobol’ design in 4 dimensions, which value ranges
are specified in Table 4; all variables are defined at the
level of the assembly. Burnup values start at 75 MWd/t
to match a standard industry practice!”. Sobol’ points
having T,,, > Ty were also discarded'® for being non-
physical, so that the final training set contains only 201
input points. The last column of the table describes the
grid size used for the multilinear interpolation baseline, to
which we compare our method; this grid therefore contains
29x7x7x3 = 4263 training points. We emphasize that
this grid is only used by the multilinear model, not
by the MOGPs. Finally, a test set was generated to
compare methods on: it contains 393 points sampled

17 HXS’s are considered constant below this threshold in order
to keep away from some non-physical behaviors of codes, due
to the sudden appearance of some isotopes at reactor start-up.

'8 This doesn’t hinder the good properties of the Sobol’
design: it just removes a corner of the hypercubic input domain,
which will not be used for training or testing.
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from a Latin Sampling Hypercube design filling the whole
input space (as defined by the value ranges of Tab. 4).
More exactly, 512 points were sampled and these with
T, > Ty were discarded as above. We illustrate the three
sets of points used in our experiments in Figure 2.

3.2 Experimental specifications

Data postprocessing. Several processing operations can
impact the training of the model and/or facilitate the
interpretation of error metrics. First, it was noted in [38]

that working with v/ Bu rather than Bu improved inter-
polation results, as variations are much steeper at low
Bu values: we tested and corroborated this claim. Then
all input variables were adjusted to the range [—1;1] by
an affine transform'®, in order to ease kernel computa-
tions and align their characteristic lengths. HXS’s were
centered and normalized by their maximal absolute value
(yi <« rg;;\?il’ with o; an original HXS), so that each
training output y; has zero mean and values in [—1;1].
Centering is crucial as our model has zero mean by con-
struction (we set m(-) = 0), and normalization is too as
HXS amplitudes spread over 10 orders of magnitude: a
LMC model fitted over un-normalized sections would only
focus on these of the largest magnitude. However, this
implies storing the original mean and norm of each HXS
to renormalize their interpolated values.

Training protocol. Our models contain several param-
eters: all kernel parameters, the mixing matrix H, task-
wise noises o;, parameters of the variational approxima-
tion for the VLMC... These must be optimized by max-
imum likelihood estimation: we therefore have to spec-
ify a training protocol. Many variants were tried, and
optimization proved to be well-behaved in all “reason-
able” setups; the only concerns were convergence speed
and training budget (allowing enough iterations for the
model to converge to the global minimum). We retained
the following scheme, well-suited to all of our experi-
ments. The popular Adam optimizer [39] was used for
gradient-based optimization; gradients were computed by
automatic differentiation with the python torch library
[40]. Although Adam automatically varies the learning
rate of each parameter, we found additional learning rate
scheduling to speed up training: an effective policy was
to decrease this rate linearly from ~10~2 to ~1072 in a
few hundred iterations, then keep it constant. We also
implemented a simple stopping criterion, ending train-
ing when differences between successive values of the loss
(MLL, see Eq. (4)) remained below a relative thresh-
old of §£ = 5-107° for a given number of iterations
Nauet = 50. Our implementation of GP models is based
on the gpytorch library [41], and available at the address
https://github.com/QWERTY6191/projected-1mc. All
experiments were coded in python and performed
in double precision, except for this run on GPU
with the large dataset, for which single precision

19 Except for the spline kernel of Section 2.3, which requires
its inputs to be in [0;1].

was used. In the course of our experiments, we tried
switching from double to simple precision in various con-
texts; we found no effect on the quality of results, but
occasional impacts on the dynamics of model training.

Error metrics. Model accuracy is assessed through
the use of an external test set: we make predictions
with the model on the testing dataset described
in Section 3.1 (which was not used for train-
ing), and compute error metrics on these pre-
dictions by comparing them with the true HXS
values. Our retained metrics are the R2 coefficient or
coefficient of determination, which measures the share
of variance in the output that is predictable from the

PR+ 2
inputs (R? = 1 f 1= %, with y;; the true
value of the normalized HXS j at input location 4, ¢,
its predicted value, and y; the mean of the true val-
ues of HXS j) the Root Mean Square Error (RMSE =

\/ D (Y — yffed) ), and the maximal abso-

lute error (ErrmaX = max; ; yfj*t yffedD. The R2 coeffi-
cients should be as close as possible to 1; the RMSE and
Errpax should be comprised in [0;1], as we are working
with unit-sized normalized outputs. Notice that errors
computed in this way are expected to be much
larger than these reported in the literature: that’s
because we work with absolute errors measured on cen-
tered and normalized outputs, as opposed to relative
errors on raw outputs in the previously-cited sources [3—
5,42]. We proceed as such to obtain results consistent with
these of the machine learning community: it can indeed
be noted that HXS often vary very little around their
average value (usually around a few percents and some-
times much lower), yielding relative interpolation errors
of 107—1075 which are meaningless from a mathemati-
cal point of view. In order to produce error metrics closer
to the final observables, we also compute errors at the
macro-sections level — that is, we multiply the absolute
error on un-normalized microscopic HXS’s by the true
concentration of the corresponding isotope at the con-
sidered point, to obtain an error in cm™!: Err>
i; p Z] 1Cylsotope(z)| test O_ered|

We also assess the quahty of variance estimation with

two metrics: the Predictive Variance Adequacy, PVA =

mean

1 p 1 (yt(.st Dred)2
p log( Z] 1 Vij

mated variance at point j and task 4, which compares pre-
dicted variance with actual errors and should be as close
as possible to 0; and a-CI, the proportion of test points
falling in the 95% confidence interval, which should there-
fore be as close as possible to 95%. Finally, we display a
storage rate Rgior, ratio between the number of floating-
point numbers stored by the model and this of the mul-
tilinear model (which in this case are only the tabulated
HXS values).

, where v;; is the esti-

Baselines. In order to assess the performances of our
GP models for HXS approximation, we wish to compare
them with time-tested methods. At the same time, we
want to keep easily-implementable methods which require
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little practitioner knowledge. We therefore selected three
reference methods, either directly taken from the HXS lit-
erature or inspired by it:

e Multilinear interpolation (abbreviated as MLI in
the following): this is the industry standard (already
described in Sect. 1) which we aim to replace, and
therefore an obvious baseline to compare to. Of course,
this method requires the data to be located on
Cartesian grids, contrary to GP models: consequently,
the comparison is performed between very different-
sized interpolation supports. It can indeed be seen
that the grid described in Table 4 features 4263 points,
against only 201 for our training Sobol’ set.

e Bayesian Polynomial Regression (abbreviated as
BPR): this is a polynomial regression method with a
bayesian treatment of the weights, described in [43].
This model, although not tested in the HXS litera-
ture, is similar to existing works with polynomials, in
particular [4]; it serves as an intermediate-complexity
baseline, more advanced and flexible than MLI (in par-
ticular, it is not grid-bound, so it can be compared
with MOGPs on the same training data) but less than
GPs. Moreover, this bayesian method comes with a
variance estimator, which serves as a comparison for
this of the GP models. Implementation is done with
the BayesianRidge class of the sklearn library.

e Single-output GPs (abbreviated as SOGP): here, we
simply use a collection of SOGPs, one for each modeled
HXS. These models are trained as in the above para-
graph 3.2. Regarding modeling choices, the same grid
search as in Section 2.5 was undertaken on these GPs;
the retained option was the combination which yielded
the best RMSE on average over all HXS’s. This base-
line serves as a best-estimate model: we wish to assert
whether using low-dimensional, multi-output models
such as MOGPs incurs a loss of accuracy compared to
a collection of GPs, each fine-tuned to a specific HXS.

One advantage of these baselines is that they have few
hyperparameters and thus require little hand-tuning; MLI,
for starters, has none. BPR has four hyperparameters,
which relate to priors on the weights of the regression:
the original article describing the method [43] suggests
setting them to 107% to make the prior non-informative,
which we did. We also had to provide a maximal degree
for the polynomial features: we selected a value Dy = 7,
as the accuracy of the model didn’t improve beyond this
value. Lastly, a maximal number of iterations and a toler-
ance value must be provided for the fitting of the model;
these options were found to be non-impactful as long as
they were selected large enough and small enough respec-
tively.

3.3 Effect of the latent dimension

Before comparing our MOGPs to the baselines, we must
make an important choice: this of a latent dimension, i.e
of a number of latent processes (see Eq. (5)). Optimiz-
ing it is key for performance, as we will see in Section 4:
both the computational cost of predictions and the storage

requirements of the model are linear in this parameter q.
On the other hand, its value must be large enough for the
low-dimensional space to accurately represent the data.

We therefore wish to study how this parameter affects
the accuracy of predictions. To this end, for each even
value of ¢ ranging from 4 to 40, we train and
fit an instance of each MOGP with ¢ latent pro-
cesses on one assembly of the standard-discretized
dataset, make predictions on the external test-set,
and compute the RMSE between these predictions
and the true HXS values. The results are shown in
Figure 3a. They are very clear: for all models, the
RMSE decreases sharply until ¢ = 12, then stalls.
This of the PLMC even increases beyond this point, show-
ing signs of instability. The perfect agreement of the 5
models between ¢ = 6 and ¢ = 18 is remarkable, and very
reassuring, as it tends to indicate that they are all fitted to
their best?C. In the same vein, it can be observed that the
RMSE values displayed on the graph are excellent:
the data being normalized to unit size, a RMSE of 0.002
is a synonym of relative errors around 0.2% on average.

The stalling of the RMSE above some value
of ¢ is surprising: our models seem to be unable
to exploit the additional information brought by
more latent processes. One possible explanation is
that the optimization procedure is not guaranteed to find
the global optimum of the MLL for large values of g:
an intricate optimization landscape could prevent train-
ing from resolving the fine-grain details of low-amplitude
latent processes. Another one is that the information gain
brought by additional latent processes may be of the same
magnitude as the interpolation error made on them: in
this case, it could act as “noise” at prediction time and
yield no accuracy improvement. In order to test this last
hypothesis, we can simply perform truncated SVDs of the
considered training data matrix Y with increasing values
of the truncation rank r, and plot the resulting compres-
sion losses against r. We define this compression loss as
1 — EVR(r), with EVR(r) the cumulative explained vari-
ance ratio of the SVD — the sum of the r computed singu-
lar values divided by ||Y||F, such that EVR(p) = 1. The
results are shown in Figure 4. They are in line with our
hypothesis: for » = 12, only 10~* of the data variabil-
ity is lost to SVD truncation, which is smaller than
the accuracy of our SOGP interpolants measured
in Table 5. It is therefore plausible that adding latent
processes beyond this value only brings “noise” to the
model, whether it is at training time or at prediction time.
It is important to notice that curves Figures 4a and 4b are
almost identical: the finely-discretized dataset con-
tains scarcely more information than the standard-
discretized one, as in both cases this information is
almost entirely contained in the first 30 principal com-
ponents.

We can also inquire on the optimal value of ¢ for
the finely-discretized dataset, containing p ~ 3.5 - 10°
HXS’s per assembly. We thus perform the same experi-

20 The VLMC and PLMC are both very good approximations
of the underlying LMC model, so we expect their results to be
nearly identical if they are well-optimized.
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Fig. 3. Variation with the number of latent processes g of
the prediction error (RMSE measured on one assembly of the
test dataset) for the studied MOGP models. (a) Standard-
discretized dataset. (b) Finely-discretized dataset.

ment as in Figure 3a on this dataset; results are shown
in Figure 3b. Notice that the ICM is absent from it: in
available implementations of this model, computa-
tional complexities contain a term O(p?), making it
intractable for large numbers of HXS’s?!. The main
observation is that we still observe a plateau in the
progress of the RMSE with ¢, starting at about the
same value. With the PLMC, the same signs of instabil-
ity as for the smaller dataset (Fig. 3a) are visible. Another
interesting observation is that this time, the training-
less model Lazy-LMC performs significantly worse
than its competitors: its best RMSE is twice larger than
the best value for the VLMC.

Returning to our initial question of the optimal choice
of ¢ balancing accuracy with computational performance,
one important conclusion stands out: even the largest
HXS datasets are of extremely small effective lin-
ear dimension, which makes it possible to use low-
dimensional approximations on them with as few

21 An alternative implementation lifting this shortcoming is
however suggested — but not tested — in the PhD thesis from
which this article is derived ([24]).

as a dozen of latent components, at the cost of
an accuracy loss which is indistinguishable from
interpolation error. We therefore retain ¢ = 16 in the
next experiments.

3.4 Comparison with the baselines

We start by testing our methodology on the standard-
discretized dataset described in Section 3.1, performing
a simple comparison between our regressors: we train
a multi-output model (or a collection of models
for the baselines) for each of the 12 fuel assem-
blies, make predictions with them on the exter-
nal test set, compute error metrics and aggregate
them. Results are displayed in Table 5; the training time
for each assembly-wise LMC model was about 2 minutes
on a standard CPU machine. Note that variational GPs,
of which our VLMC model is an example, make use of
inducing points, pseudo-observations meant to “replace”
the more numerous original ones: we retained a number
n' = |n/1.5] of them, with locations identical for all latent
processes and learned by the model??. This choice was
once again made for optimal accuracy: putting n’ = n
fixed inducing points at the locations of the observed data
would theoretically be more accurate, but proved less sta-
ble in practice. A few main observations can be made from
Table 5:

e All four MOGP models have very similar per-
formances, as already noticed in Figure 3a.

e Their accuracy is overall excellent: all R2 coeffi-
cients are very close to 1 in particular. All error metrics
are very close to these of the collection of SOGPs, even
though major dimensionality reduction was achieved,
and simpler modeling choices retained for MOGPs
(squared-exponential kernel, no complex mean or vari-
able decomposition). MOGPs also best the BPR base-
line in terms of RMSE and maximal error.

e GP models reach better accuracy than the mul-
tilinear baseline with 20 times less interpolation
points?3.

e Training a MOGP is much faster than train-
ing a set of SOGPs — about 500s in the first case
versus 16 600s in the latter. These SOGPs were how-
ever trained sequentially rather than in parallel: if we
assume that 40 such models can be trained simulta-
neously on a single machine with the same training
time per model as in the sequential setting?*, the train-
ing duration of the SOGPs would be reduced to 415s.
Although it is not displayed in Table 5, making pre-
dictions with MOGPs is also much faster than
making them with a set of SOGPs, as it will be
explained in Section 4.1.

22 This is also true for Section 3.3.

23 The only metric which is more favorable to multilinear is
ErrZ,., the maximal error after multiplication by concentra-
tions. Even here the difference is slight, and could be mitigated
by better support selection or physics-informed normalization.
24 Which is unlikely, as the linear algebra routines performing
the sequential training had access to 40 processors.
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Fig. 4. Compression loss 1 — EVR(r) of the training data (normalized HXS’s of one assembly) in function of the truncation
rank r of the SVD, where EVR(r) is its cumulative explained variance ratio. The erratic behavior of the left part of subfigure
b/ is due to the compression loss reaching single-float precision (while figure a/ was computed in double-float precision). (a)
Standard-discretized dataset. (b) Finely-discretized dataset.

Table 5. Performance metrics on all assemblies of the standard-discretized dataset, for the studied MOGP models
(all with ¢ = 16 latent processes) and three baselines. The best and worst value for each metric are highlighted in
green and red respectively. Definitions of the metrics are given in Section 3.2; they are all averaged across all HXS’s.
The Err™ metrics were not computed for the polynomial method, which was tested at a time when concentration data
was unavailable. The training time Ti,,i, is defined at the level of one assembly. n is the number of datapoints used
for training.

Model R2 RMSE Errmax Errcan Errd . a-CI  PVA  Tyain (s) R n
(cm—!) (em™")

ICM 0.997 2.01-107% 6.14-10~2 0.363 0.824 —2.15 354 142 201
VLMC I 161107 510-1072  171-107% 100 —5.92 260 167 | 201
PLMC 0.995 1.56-10~3 216291021 1.52-10~* 0.211 100 —7.20 668 141 201
Lazy-LMC [ 0.999 1.34:10°% | 323-1072  813.107° 0.173 roo SN 5 i00* 142 201
MLI 0.998 2.20-1073 4.47-1072 1.69-10~* 9.57 1072 - - 0.806

BPR 0.993 U Not computed  Not computed  0.982  —0.792 3.90 13 201
Best SOGP 1009997 1.36-10~3 3.03-10—2 3757105 4.81-1072 0945 —0.625 [JJEE0ONN 19 201

MOGPs offer major storage savings: a value
R = 167 means that the model occupies 167 times
less memory than the lookup table required for mul-
tilinear interpolation. This is one order of magnitude
better than the gains achieved with SOGPs or BPR;
this performance is made possible by dimensionality
reduction.

The performance of Lazy-LMC is surprising: its
accuracy rivalizes with or even surpasses this of other
MOGPs, while it is the only one of them which doesn’t
require training — hence its tiny Tt metric, which
only corresponds to fitting duration in this case. This
makes it a very attractive applicative choice if simplic-
ity is desired.

Lastly, the predictive variance of the MOGPs
appears to be very ill-calibrated: a PVA of —5.87,
for instance, means that predicted uncertainties are
on average 1/exp(5.87) ~ 19 times larger than actual
errors. In these conditions, all test points fall inside
the 95% confidence interval, hence the a-CI values of

1.00 for VLMC, PLMC and Lazy-LMC. For ICM, the
situation is more intricate: this model has at the same
time a very negative PVA| indicating a significant over-
all overestimation of uncertainties, and an a-CI well
below 0.95, showing that uncertainty is on the con-
trary underestimated for a significant fraction of all
points. We explore the behavior of these variance esti-
mates in the next subsection, to hint whether there is
still hope for UQ of neutronics data with MOGPs.

In short, apart from variance estimation,
MOGPs are up to their promise: they deliver
very accurate predictions — better than multilinear
interpolation and polynomial regression, almost as
good as the best-performing SOGPs — with a very
low training cost, and allow very fast predictions
and major storage savings. For the moment, all four of
our MOGP models are still in the running, as they all have
very similar predictive performances; the absence of train-
ing of the Lazy-LMC, however, is a significant advantage,
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which authorizes in particular extremely simple imple-
mentations (no autodifferentiation library is needed).

Results for the finely-discretized dataset are very sim-
ilar to these presented in Table 5, with some subtleties
to be discussed; we therefore defer it to Appendix A.
We only emphasize that three of our MOGP mod-
els (VLMC, PLMC and Lazy-LMC) could be suc-
cessfully trained and/or fitted on ~3.5 - 10> HXS’s,
yielding predictive RMSEs of the order of 10~3;
for the PLMC, training was completed in only
2minutes on a GPU. This proves that this method-
ology is fully scalable to even the largest current HXS
datasets.

3.5 Improving the predictive variance

In the previous section, we found MOGPs to yield ill-
calibrated variance estimates. This deserves investigation:
although uncertainty quantification is not a primary goal
of this work, it is nevertheless a growing subject in neu-
tronics, in which GPs could open new avenues. After
exploring several leads, we found three main fac-
tors impacting the predictive variance, which can
become very well-calibrated if the right choices are
made.

Fixing conditioning issues. It is a well-known prob-
lem in GP literature that kernel matrices tend to be
poorly conditioned [44,45]. This has a natural explana-
tion: for two nearby training points x; and x;j, the corre-
sponding rows k(x;, X) and k(x;, X) in the kernel matrix
K are very similar if the kernel function is smooth, mean-
ing that K is close to singular. The noise parameter o?
(see Eq. (3)) acts as a regularization term in the inversion
of K, as it adds a positive diagonal term to it; noise being
closely connected to variance estimation, one can suspect
that wrong predictive variances are linked to condition-
ing problems. We found indeed the condition numbers of
kernel matrices to be very large in our case — up to 10'°.

One way in which conditioning can impede the pre-
dictive variance is through an eventual noise lower bound.
Indeed, it is sensible for a GP implementation to have a
noise thresholding mechanism, in order to keep all com-
putations well-conditioned during model training; this
is the case in the gpytorch library which we use. In
our case, the modeled data is so smooth that
we observe fitted values of ¢ to match this lower
bound op in all situations. We can thus suspect that
these fitted noises are constrained to artificially high val-
ues, and that better variance estimates could be obtained
by decreasing the lower bound and letting noise terms
reach their “true” ranges. Experiments confirm this intu-
ition: when we decrease o, we see all computation
times to increase sharply due to worse condition-
ing, but the predictive variance to become much
better-calibrated. There is therefore a trade-off to make
between variance estimation and speed. One could also try
to improve the conditioning of kernel matrices by other
means, in order to be able to lower noise values without
sacrificing computation times — for instance by pruning

the training data as suggested in Section 4.3, or by resort-
ing to the preconditioning techniques and sparse approx-
imations of kernel matrices presented in [45]. One such
improvement is available on-the-shelf for the VLMC: it
suffices to decrease the number of inducing points which
the variational approximation relies on.

Moving to standard normalization. As stated in
Section 3.2, we processed each HXS by normalizing it to
its maximal value. The reason for this choice was to work
wit unit-sized quantities, so that absolute errors could
be easily interpreted; this way we could avoid the com-
putation of relative errors, where problems of divisions
by zero occurred. However, for any vector f there stands
max(|f]) > std(f), so that HXS’s normalized with this
scheme can have any variance between 0 and 1; it hap-
pens that for some of them var(f) < 1. We can make the
hypothesis that gathering tasks with disparate variances
inside a single LMC model is troublesome for its variance
estimation; we therefore tried to normalize the data by
its standard deviation instead, and to assess the predic-
tive variance of the models in this setting. Once again,
a drastic improvement of the predictive variance
is observed: we thus conclude that the training
data for each task of the MOGP should have vari-
ance ~1 for the predictive variance of the model
to function well. It is interesting to note in Table 6 that
this change of normalization also improves on the model’s
R2; this suggests that the outputs of the smallest variance
are correctly addressed in this setting, whereas they were

neglected by the model in the previous one?°.

Making noise-appropriate modeling choices. One
last possible cause of poor variance estimation is straight-
forward: any GP model makes assumptions about the
noise in the data, and these assumptions must be appro-
priate for uncertainty estimation to work well. A discus-
sion of these modeling choices is way beyond the scope
of this article, at it delves deep into the mathematics of
the studied models. Let us just mention the options which
yielded the best results, and refer to the literature for an
explanation of them:

e For the VLMC, the important factors are the chosen
variational distribution and loss function — which in
this model is not the standard MLL (Eq. (4)), but a
lower bound of it. The variational distribution refers
to the probability density which is used to parametrize
the posterior distribution of the model; we found the
most effective choice to be the standard one of using
a fully-parametrized multivariate Gaussian, instead
of simplified options such as the Dirac distribution
(“delta variational distribution”) which we used in pre-
vious experiments. Regarding the loss function, several
options are available in the literature, the most popu-
lar today probably being the ELBO of [26]; but some

25 Contrary to all of our other metrics, the R2 coefficient
relates the error measured on each regression task to the vari-
ance of this task, so it is the only one to detect if the model
is “lazy” on low-variance ones (it makes low prediction errors,
but which are in fact significant compared to this task’s vari-
ability).
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Table 6. Summary of the process of fixing predictive variance for VLMC and PLMC. Each row denotes a modification
performed on them and the corresponding results. These modifications are incremental: each one is kept in the following

rOws.
VLMC PLMC

Modification R2 PVA a-CI RMSE PVA o-CI
Baseline 0.994 —-5.60 1.00 0993 -—7.20 1.00
Decreasing 0% from 10~* to 1077 0.998 —0.547 088 0999 -—-7.69 1.00
Standard normalization (rather than normalization by the maxi- 0.999 3.12 0.388 0.999 —1.30 0.996
mal absolute value)

Model-specific options favorable to variance estimation (Gaussian 0.999  0.484  0.893 0.999 —1.02 0.995

variational distribution and “predictive likelihood” loss function

for VLMC, general noise model for PLMC)

have been designed which specifically aim at improv-
ing the predictive variance, for instance the so-called
“Predictive Log-likelihood” [28]. We found indeed that
training the model with this PLL rather than the stan-
dard ELBO improved its variance estimation, while
preserving its accuracy.

e The PLMC, in its turn, is based upon a restriction of
the general noise model of the LMC [21]. This restric-
tion can be made more or less drastic, the harsh-
est choices yielding the best computational perfor-
mance for the model; yet one can assume that the less-
restricted noise models will give the most faithful vari-
ance estimation. This is indeed what we observed: the
least-simplified variants of the PLMC should therefore
be used if the quality of variance estimation is favored
over speed.

The above experiments are summarized in Table 6, in
a cumulative fashion: each change made to the model
is kept in the following rows. It can be seen that the
added effects of the suggested changes turn the cal-
ibration of predictive variance from catastrophic
to very decent: the VLMC exhibits a PVA of 0.484,
meaning that the actual errors are on average only

exp(0.484) ~ 1.27 larger than the predicted uncer-

tainties; likewise for the PLMC, y/exp(—1.01) ~ 0.60.
The a-CI values for these models mean that respectively
89.3% and 99.5% of prediction errors fall within the 95%
predicted confidence interval, close to the desired value
(95%). Further work on conditioning and modeling choices
could still improve on these results.

Case of the ICM and Lazy-LMC. We weren’t able to
achieve such good results with the ICM. The change in
normalization yielded somewhat acceptable variance esti-
mation, with PVA = —0.70 and a-CI=0.80. Notice how-
ever that these two values point towards opposed conclu-
sions: PVA < 0 suggests overall overestimation of errors,
while a-CI < 0.95 indicates the opposite. This means that
errors are underestimated for many HXS’s, and very over-
estimated for others: there is not only a problem of cali-
bration, but also of estimation quality. It is unclear how to
improve on this situation; there are hints that this problem
may stem from linear algebra issues, as the conditioning

problem remains vivid, and as we will see in Section 4.3
that another kind of computations with this implementa-
tion of the ICM exhibits inconsistencies. Efficient compu-
tations with this model indeed rely on subtle Kronecker-
product-based operations and eigenvalue computations, as
described in [25], making it sensitive to implement details.

Lastly, no modification had a positive impact on the
predictive variance of the Lazy-LMC, which PVA always
remained below the catastrophic value of —11. Several
reasons can explain this underperformance: the training-
less SOGP modeling each latent process already has very
poor variance estimates, probably because it doesn’t fea-
ture a variance scaling parameter (see Sect. 2.4), and per-
haps also because of its peculiar spline kernel, which is
not even derivative-continuous. The covariance structure
of the latent processes of the Lazy-LMC is also inconsis-
tent, as explained in Section 2.3. There is therefore little
hope that this model can ever yield decent uncertainty
estimates.

4 Practical considerations
4.1 Computational performance of interpolation

We didn’t include measurements of prediction durations
in our experimental results of Section 3.4. This is because
such values would be heavily implementation-dependent;
the methods tested here being only prototypes written
in Python with little consideration of performance, they
would be little representative of industry-grade imple-
mentations. However, we already mentioned interpolation
speed to be critical in neutronics applications; assessing
this performance in some manner is thus mandatory.

We therefore propose here a theoretical analysis of the
computational cost of MOGP prediction. We focus on the
computation of the predictive mean (the interpolated val-
ues), assuming that prediction speed is much less critical
for variance estimation and UQ-related tasks. In the fol-
lowing paragraphs, we compare how predictions are made
with SOGPs, MOGPs and multilinear interpolation, in
order to compute their costs and identify their respective
sources of over- or under-performance.
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Cost of predictions with multilinear interpolation.
We start with predictions of the MLI model, as the rea-
soning behind this analysis will help to grasp the issues
posed by the other models. A prediction with MLI at the
input point x, is represented by the following operation:

i) = aix) ! (7)
i=1

where the y;’s are the values of the HXS at the 2¢ grid
points which surround the test location x,. The coeffi-
cients a;(x.) — which expressions are given in [46] for
d = 2?5 — are geometrical in nature: they only depend
on the coordinates of x,, not on values of y. They
are therefore identical for all HXS’s. Consequently,
as long as the number of modeled HXS’s is large enough,
that is, p > 29, the cost of computing the «;’s is negligi-
ble compared to this of performing the p linear combina-
tions of Equation (7). The total cost of making predictions
(defined as the number of required floating-point opera-
tions) is then:

CMLI ~ 2 X 2dp (8)

Cost of predictions with SOGPs. Gaussian processes
being linear estimators — predictions are linear combina-
tions of the known values y; — the cost of making pre-
dictions with them follows the same logic as for MLI. A
prediction with a zero-mean SOGP which can indeed be
written as:

j(x.) =k Ky = En: [k*TK_l} Y= ia?(x*) yi
i=1 ¢ i=1
(9)

=D (KT, ke xi) = > Cik(xe,xi)  (10)

i=1

where we recall that x; is the i-th training point, K =
kE(X,X), and [-]; denotes the i-th component of a vector.
The first line of Equation (9) aims at highlighting the
similarity with the multilinear case: in this case too, the
prediction is a linear combination of the observations y;,
which coefficients o (x,) are geometrical functions®” of
the test location x,. There are however two important
differences: this linear combination now has size n instead
of 24, and the coefficients o are different for each HXS,
as a distinct kernel has been trained for each.

The second line of Equation (9) highlights a different
aspect of this computation: the product K~y is indepen-
dent on x,, so it can be precomputed in an offline
phase to make a cache C. The cost of making predic-
tions for an HXS is then the cost of computing the n kernel
values k(x.,X;), plus this is the linear combination of size
n. If we note ¢ the cost of a single kernel evaluation, the
total cost of making predictions for p HXS’s is then:

26 For higher dimensions, they are rather obtained in a recur-
sive manner, as in [1].
2T In this case, the geometry is this defined by the kernel.

(11)

This compares unfavorably to MLI, for which Cypry ~
2 x 2%. For one thing, (c; + 2) is expected to be much
greater than 2, as the cost of a kernel evaluation is gener-
ally much higher than this of a simple multiplication®®, at
least by one order of magnitude. Moreover, n is expected
to be significantly larger than 2¢ — all training points are
involved in the computation, instead of just the nearest
ones: in our case for instance, n = 201 while 2¢ = 16.
The lesson here is clear: even when precomputing all
quantities that can be, predictions with SOGPs
involve two costly operations: the computation of
a kernel value at each of the n training points, and
the linear combination of these n values with pre-
computed coefficients. This applies to any long-ranged,
kernel-based regressor; such methods will always have pre-
diction costs at least two orders of magnitude larger than
MLI. Fortunately, MOGPs can bypass this bottle-
neck, as they don’t perform kernel operations for
each HXS, but only on a much smaller collection
of latent processes.

Csogp = n(ck + 2)p

Cost of predictions with multi-output GPs. Predic-
tions with the VLMC, PLMC and Lazy-LMC?° are per-
formed in two steps: first, predictions are made for the
independent latent processes of the MOGP, as in Equa-
tion (9); then these latent values are mixed by a multipli-
cation with the mixing matrix H (see Eq. (5)).

ij(x.) =k K 'Uy = > Cijkj(xa,%1) V) € [1]
=1

(12)

Ui(xs) = ZHU j(x.) V€ [1;p], (13)

where we recall from Section 2.2 that the u;’s are unob-
served latent processes of respective kernel k;. Here, Uj
denotes a low-dimensional summary of the training data
“feeding” the j-th latent process; the expression of this
summary differs from one of our models to another, so we
refer to the fifth chapter of [24] for a complete exposition.
The important point is that it can be precomputed
in an offline phase, meaning that the term Cj; in
Equation (12) is a precomputed cache.

The cost of predictions with such models can be read
from Equation (12). The first line is the computation of ¢
SOGP predictions, which represents n(cj +2)q operations
according to the previous paragraph, while the second line
is simply a matrix-vector product of size pg X ¢; the total
cost is then:

28 One way around this issue would be to mutualize ker-
nel operations between all SOGPs of the collection, either by
enforcing them to share the same kernel parameters, or by
resorting to a parameter-less kernel like this of Equation (6).
The prediction cost would then go down to 2np + nc.

29 The case of the ICM is more complex; we refer to the fifth
chapter of [24] for an explanation, and a comparison to Equa-
tion (12).
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Crme = n(ex +2)q + 2pg (14)

The key point here is that the costly GP interpo-
lation now only applies to a small number ¢ < p of
latent processes. Let us consider the case of large HXS
datasets, that is, p > n(cx + 2); in this case Cryc =~ 2pg.
Remind that Cyrr ~ 2%+ p, so that comparing the inter-
polation speed of MLI and LMC in this setting amounts
to compare 2¢ and the number of latent processes ¢. We
saw in Section 3.3 that ¢ ~ 10 is optimal even for our
finely-discretized dataset; one can expect similar values for
other test-cases®”. Therefore, for large HXS datasets,
the cost of making predictions with the LMC is
identical to or even better than this of MLI. This
performance is made possible by dimensionality reduction:
in this regime, the main cost is not the interpola-
tion task, which is confined to the low-dimensional
space, but the lifting of the low-dimensional inter-
polated values to the original space.

However, this many-HXS regime may not apply
to all situations encountered in industry calculations:
for instance, in our representative standard-discretized
dataset with p = 287 HXS per assembly, assuming n ~ 200
and ¢, ~ 30 (piecewise-polynomial or spline kernel), there
stands n(cx + 2) ~ 6000 > 287. Prediction costs are then
one order of magnitude higher than these of MLI. There
are however two ways to alleviate this burden:

¢ Reducing the number of training data n: the
training support can be pruned by downsampling (see
Sect. 4.3) or built incrementally from scratch by active
learning (Sect. 5). Preliminary experiments in [24]
show that values as low as n = 100 can be reached
on our test-case without loss of accuracy. Besides, for
the VLMC, it is in fact not the training points, but
fewer virtual inducing points which are used at pre-
diction time; here again, numbers m < 50 of inducing
points were tested in [24] with preserved accuracy.

e Mutualizing kernel computations: if the same ker-
nel is used across all latent processes, the number of
kernel operations goes from n(cx + 2)q to n(cg + 2).
This is the case if the spline kernel of Equation (6) is
used for instance, as it has no parameter which can
differ from one latent process to another. In such a
case, the computational cost falls back to the
order of this of MLI.

Also mind that this analysis only addresses arith-
metic operations, not memory transfers. The operations
described here being elementary (small matrix-vector
products) and the volume of involved data being large,
HXS interpolation is in fact likely to be cache-
bound or memory-bound in many settings and
implementations. In this case MOGPs would have
the edge over MLI, as they work with much
smaller data, as we will see it in the next section.

30 An argument in this direction is the fact that the main
source of HXS variability is their homogenization flux, which
is common to all HXS’s in a given assembly and energy group.

4.2 Model storage and interpretability

One of the objectives of the present work is to reduce
the size of HXS data libraries, which can get very large
today for best-estimate simulations (up to hundreds of
gigabytes). MOGPs achieve this goal in two manners: by
reducing the number of training samples to store for inter-
polation, and by leveraging dimensionality reduction. It
can be seen in Tables 5 and A.1 that the volume of HXS
libraries can be divided by a factor of more than 200
this way. The only quantities to store, which completely
define the model, are: the mixing matrix H € RP*? the
matrix U € R?*"™ collecting the quantities Uj introduced
in the previous section (low-dimensional summaries the
data “seen” by the latent processes), the matrix of train-
ing data inputs®! X € R%" and the few parameters of
the model (task-wise noises and kernel parameters for the
q latent processes). Neglecting the latter®2, the number of
floating numbers to store is thus pg + gn + nd, to be com-
pared to the np values contained in the matrix of training
observations Y.

It is interesting to note that for the PLMC and
Lazy-LMC, the form in which the model is stored
matches a very common matrix compression
framework. For these models, U has a simple expression
given in [21]: U =TY, with T some generalized pseu-
doinverse of the mixing matrix H (i.e, TH = I). This
means that HT is a projection matrix ((HT)? = HT),
and therefore it stands:

Y ~HTY =HU (15)

In other words, multiplying together the two
stored matrices defining the model — H and U —
yields a rank-q projection of the original data Y.
Such a factorization is a common manner of compressing a
matrix of low effective rank; for instance, SVD-based com-
pression is a staple in many fields. Incidentally, recall from
Section 2.3 that the definition of the Lazy-LMC involves
Singular Values Decomposition: if UL VT is the rang-q
truncated SVD of Y, H=UYX and U = VT. The prop-
erty Y ~ HU is beneficial in terms of model interpreta-
tion: one can dispense with storing the full (potentially
large) data matrix Y, but still recover an optimal rank-q
projection of it by a simple multiplication of the stored H
and U.

Also note that this format makes for efficient compu-
tations. U € R?*"™ being very small, it can be stored in
low-level caches during predictions; moreover, X, H and
U can each be stored contiguously and are fully read dur-
ing any interpolation work. By contrast, with multilinear
interpolation, the 2% grid points nearest to the predic-
tion location must be searched for each single HXS inside
the large tensor of its tabulated values, in a discontiguous
manner.

31 For the VLMC, training datapoints are replaced by the less
numerous inducing points.

32 A complete counting of stored quantities is given in the
appendices of [24].
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4.3 Closed-form expressions for leave-one-out metrics

Leave-one-out cross-validation (often abbreviated LOO-
CV) is a widespread tool in machine learning, which makes
it possible to assess the performances of a model without
resorting to an external test set. Its principle is straight-
forward: for each point of the n-sized training dataset, the
model is trained and/or fitted on the n — 1 other points,
tested on the point left aside, and error metrics are com-
puted on this prediction; then these metrics are aggregated
over all n runs. We can give at least three interesting appli-
cations of LOO-CV in neutronics applications:

e Model assessment: any model used for interpolat-
ing HXS’s in the core code should have been assessed
after its fitting and/or training, in order to guarantee
the quality of its predictions. In industry applications,
it would be desirable that this validation doesn’t rely
on an external test set: otherwise, the computational
effort dedicated to generate this set would be simi-
lar to this of generating the training data. LOO-CV
makes this possible, by estimating the model’s accu-
racy directly on the training outputs. In the same man-
ner, several candidate models (having various model-
ing options, hyperparameters, etc.) can be compared
this way without any external test set.

e Outlier detection: HXS data can be home to out-
liers, non-physical values which may greatly disturb
machine learning models incorporating it. There is no
unequivocal manner to categorize a datapoint as an
outlier, as the variability of the data is rarely known in
advance. LOO-CV offers a practical way to define out-
liers in an application-focused manner: if a few training
points yield LOO errors above a predefined threshold,
while all the other ones have much smaller errors, they
are likely to be outliers and to harm the model if incor-
porated to it.

e Training data pruning (downsampling): as
explained in Section 4.1, for moderate-size HXS
datasets, the number of training datapoints are a key
for computational performance. Moreover, redundant
training points can hinder the conditioning of ker-
nel computations, for reasons exposed in Section 3.5.
Therefore, it is often interesting to eliminate little-
informative points from the training set. LOO-CV
offers a convenient way to do so: the points with the
smallest LOO errors are little useful to the model,
as they can be very well predicted from the other
ones. This way, one can incrementally downsample
the training set, deleting at each iteration the best-
approximated point. Preliminary experiments in this
direction exhibited promising results: the size of the
initial dataset could be divided by 2 with no signifi-
cant loss of accuracy (see chapter 6.3 of [24]).

Naturally, the LOO-CV methodology can be applied to
any machine learning model. But there is a specificity
when using it with exact GPs: leave-one-out errors
can be computed with closed-form formulas, with-
out the need of fitting the model at each run. Such
expressions can be found for instance in chapter 5.4.2 of
[17] for SOGPs. We restate them here: if y; is the i-th real

data value, yO0

i its leave-one-out estimate — that is, the
value obtained when fitting the model to X\x; and y\y;

and making a prediction on x; — and v°© the predictive

variance of this estimate, then y*°© and vF9© are given
by :

yi — 00 = [(K+0°In) " ty], /09 (16)

000 = [(K+0%In) ], (17)

where [u]; denotes the i-th component of the vector u, and
[M];; the (i,4)-th coefficient of the matrix M. Naturally,
these expressions don’t account for the (slight) modifica-
tion of the optimal model parameters resulting from the
removal of one data point from the training set.

Similar expressions are given in the PhD thesis from
which this article is derived ([24]) for the PLMC and Lazy-
LMC (which is essentially a subcase of the former). The
latent processes of these models being conditionally inde-
pendent, the LOO formulas of Equation (16) for SOGPs
apply to them. It is then straightforward to recover the
corresponding LOO estimates at the level of predicted
tasks:

[Uli; — uwi?° = [(K; +071a) U] /9109 V) € [1;4]

(18)

0100 = [(Kj+031) 7). V) € [liq] (19)

Y - YO0 = (Y — HU) + H (U — u'©0) (20)
vLOO _ FgLOOHT (21)

LOO-CV expressions are also given for the ICM in
the chapter 5.4.2 of [24], but are omitted here because
they would require to introduce the formalism of this
model®?. For the VLMC, no such expressions can be
devised: indeed, the principle of this model is to replace
some data-relative quantity of the GP posterior by a free-
form distribution optimized in a black-box manner. The
link between the training data and predictions, which
underlies the above LOO expressions, is thus lost in the
process; all information about the training data is stored
implicitly in the model’s parameters, as in a neural net-
work.

We wished to assess whether these LOO esti-
mates are good proxies for errors measured on an
adequate external test set; this turned out to be
the case for the PLMC and Lazy-LMC, but not
for the ICM — see Appendix C for a quantitative expo-
sition of this statement. In the latter case, the problem
seems to arise from numerical issues, in a context of very
ill-conditioned kernel matrices (see Sect. 3.5): the variance
terms featured in the denominator of LOO error expres-
sions (see Eqgs. (16) and (18)) can be very small, and with
the ICM they are strongly affected by conditioning issues,
for being obtained by eigenvalue computations. A better

33 Note that all discussed LOO-CV formulas were verified
against LOO errors computed “by hand” — by explicit forma-
tion of the n data folds, and fitting (but not re-training) of the
model to these folds — on several datasets, both real and syn-
thetic. We found a perfect match between the values obtained
by closed-form expressions and the empirical ones.
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implementation of the ICM should thus be able to lift
this issue quantifies how well the error metrics obtained
with closed-form expressions match these computed on an
external test set for our MOGP models.

5 Conclusions

In this article, we introduced the use of multi-output
Gaussian processes (MOGP) to interpolate homogenized
cross-sections (HXS) inside nuclear reactor neutronics
codes. We compared several models of this family, dis-
cussed the main modeling choices which they offer and
the best option is to retain for approximating HXS’s with
them. It was shown on a complete and realistic test-case
that the desirable properties of these tools — tunable, long-
ranged and smooth predictor, sparse interpolation sup-
port, dimensionality reduction leveraging the redundancy
of the data — make it possible to improve on interpola-
tion accuracy compared with the multilinear standard,
with only a fraction of its training data (20 times fewer
tabulated points required) and of its storage requirement
(HXS library sizes reduced by two orders of magnitude).
We also proved these models to be scalable to datasets of
millions of HXS, with training durations of the order of
the minute, and interpolation speeds shown analytically to
match this of the multilinear method. Some of their conve-
nient features — efficient and interpretable storage format,
closed-form expressions of leave-one-out errors authoriz-
ing easy model assessment and training dataset pruning,
etc. — were presented; their respective additional function-
alities and limitations were compared in Table 1.

This collection of arguments seems to make MOGPs
viable candidates for seamless integration into current
neutronics codes, alleviating the burden associated with
large HXS libraries in today’s best-estimate calculations.
The next step for assessing this methodology will be to
implement it in an actual core code, and validate on a
variety of benchmarks that it doesn’t hinder the accu-
racy of simulations. The models should also be tested on
more diverse tests-cases: other reactor technologies, more
HXS variables (moderator density, xenon concentration,
etc.), accidental conditions... Incidentally, one issue not
addressed in this work is this of discrete variables, such as
the type of control rod inserted in the assembly: while ker-
nels able to handle such inputs exist [47], modeling HXS
data with them has not been tested yet3*.

Apart from validation, the main developments to bring
to this line of work are wncertainty quantification and
active learning. Uncertainty quantification is a growing
subject in neutronics, and Gaussian processes would be
valuable additions to UQ pipelines: they make it possi-
ble to propagate uncertainties trivially*®, non-linearly and

34 In the worst-case scenario, if these discrete kernels proved
unsatisfactory, one could still model discrete variables as output
tags rather than input variables: one HXS with three possible
values of control rod insertion would be seen instead as three
correlated outputs of the same MOGP.

35 One simply has to replace the noise matrix of the MOGP
estimator by the covariance matrix of the propagated uncer-
tainties.

explicitly, contrary to other machine learning models like
neural networks for which uncertainty propagation is an
ongoing field of research®® [48]. We showed in the present
article that although sensitive to several factors, good-
quality variance estimates could be obtained with MOGPs
on HXS data; much more thorough investigation of their
statistical properties should now be undertaken. Active
learning, for its part, refers to the data-informed construc-
tion of an optimal training dataset; such methodologies
could further reduce the computational burden of gener-
ating HXS libraries, and make it possible to parametrize
HXS’s with many more variables for instance. First results
were obtained in this direction in the PhD thesis associ-
ated with this work [24], but much more ambitious devel-
opments could be envisioned thanks to the large amount
of literature dedicated to active learning with Gaussian
processes [49].

Glossary

ANN: Artificial Neural Network

BPR: Bayesian Polynomial Regression
EVR: Expected Variance Ratio

GP: Gaussian Process

HXS: Homogenized Cross-Section

ICM: Intrinsic Coregionalization Model
LMC: Linear Model of Coregionalization
LOO-CV: Leave-One-Out Cross-Validation
MLI: Multi-Linear Interpolation

MLL: Marginal Log-Likelihood

MOGP: Multi-Output Gaussian Process
PCA: Principal Components Analysis
PLMC: Projected Linear Model of Coregionalization
PVA: Predictive Variance Adequacy

R2: coefficient of determination

RMSE: Root Mean Squared Error

SOGP: Single-Output Gaussian Process

36 The reason for this is that with such models, there is
no explicit link between the training data and predictions:
all information about the former is contained in the model’s
weights. Therefore, one cannot apply a perturbation to the
training data and observe its effect on the model’s outputs.
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SVD: Singular Values Decomposition
UQ: Uncertainty Quantification
VLMC: Variational Linear Model of Coregionalization

Math Symbols:

n : number of training datapoints

p : number of regression tasks (modeled HXS’s)

q : number or latent processes (see Sect. 2.2)

d : dimension of the inputs, i.e number of variables

along which HXS’s are parametrized

e H : mizing matriz of the LMC model (see Sect. 2.2),
of size p X q

e U : low-dimensional summary of the data seen by the
latent processes (see paragraph 4.1), of size ¢ X n

e X : matrix containing all training data inputs, of size
dxn

e Y : matrix containing all training data outputs, of size
pXn

e y : size-n vector containing all training data outputs
in the case of a single-output model

e o2 : noise term of a GP, added to the diagonal of the
kernel matrix

e 0% : lower bound enforced by ¢? in some implementa-

tions

T4 @ input point at which a prediction is made

k : kernel function of the GP

kx. 1 vector k(X,x.) (= [k(xi,x:)]1<i<n)

K : matrix k(X, X) (= [k(xi, x1)]} SIZ7)

Euw : scalar k(x.,x.)
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Appendix A: Experimental results on the
finely-discretized dataset

Here we present our experimental results on our large
dataset (12 assemblies containing 3.5-10° HXS’s each, see
Sect. 3.1); we left them aside in Section 3.4, as they are
very similar to these of Table 5 but require a few additional
explanations. These results are summarized in Table A.1.
Here are some points to specify:

e The ICM is absent from this table, because as men-
tioned in Section 3.3, current implementations use a
full-rank correlation matrix between all p tasks [25],
which incurs computational costs in O(p?), intractable
in this case. This could be remedied in the future by
using a rank-q correlation matrix instead, K¢ = HHT
which would yield the same correlation structure as
with our other LMC models.

e The MLI baseline is also absent, as we wanted to avoid
the generation, storage and manipulation of such a
dataset on full Cartesian Grids: it would have weighted
about 200 gigabytes.

e The “best SOGP” baseline is replaced by “Training-
less SOGPs”: this is because training millions of SOGP
models on a standard machine, at the rythm of a
few seconds per model, would be infeasible. These
training-less SOGPs are the same model that wraps
the latent processes of our Lazy-LMC: their kernel is
the already-introduced, parameter-less spline kernel,
and their few additional parameters have been neu-
tralized (see Tab. 2).

e The metrics assessing the calibration of predictive vari-
ance are missing for the PLMC. This is because pre-
dictive variance could not be computed in this set-
ting with our current implementation of this model:
it requires the formation of a full p X p noise matrix,
which causes a memory error for large p. This is only
a matter of implementation: only the diagonal of this
matrix is required for variance computation, so these
coefficients could very well be computed alone without
overloading memory.

e It may be surprising that the R2 coefficients of the
PLMC and VLMC are respectively subpar and catas-
trophic, while their other error metrics are excel-
lent. This relates to an observation already made in
Section 3.5: if the training data of each regres-
sion task is not normalized to have variance ~1,
our trainable MOGP models tend to neglect
the low-variance tasks. In other terms, they are
“lazy” with these tasks: they achieve small errors on
them, which is why all other metrics than the R2
remain flawless, but these errors are in fact signifi-
cant compared to the small variability of the modeled
function. Once again, this advocates for the use of
standard deviation-based normalization of each HXS
before model training. More recent experiments con-
firmed that this choice indeed restores all R2 coeffi-
cients to excellent values.

These remarks being made, it can be seen that all numer-
ical values are very close to these of Table 5: our

models perform just as well in the many-HXS set-
ting as in the standard one. Apart from this, the main
observation is that the GPU training of our models —
in particular the PLMC — is very fast: two minutes
are enough to fit a PLMC to hundreds of thou-
sands of HXS’s, making it fully ready for the big-data
setting. Other minor remarks can be made: BPR performs
less well on this dataset, which strengthens our intuition
that GPs are more reliable than polynomial methods for
modeling diverse HXS datasets; and both training-less
models (Lazy-LMC and training-less SOGPs) still per-
form remarkably well on this test-case, although the gap
between the Lazy-LMC and VLMC is larger than on the
smaller dataset, as it was already observed in Figure 3b.

Appendix B: Optimal MOGP model size for
neutronics calculations

The experiments of Appendix A showed that training a
single model for very many HXS’s was feasible. However,
it is also somewhat troublesome: it can be slow, even with
GPU mini-batch training (more than 2hours per assem-
bly with the VLMC); the memory footprint can exceed the
capacity of a single GPU; training is less stable, as illus-
trated in Figure 3b, etc. One should therefore won-
der whether this methodology is really appropri-
ate, or whether fitting smaller models to subsets of
the data should be preferred. Eventual gains of the
full-model option would be storage savings — by mutu-
alizing latent processes across more outputs, the storage
of the data defining them can be spared — and compu-
tational savings (likewise, the interpolation of latent pro-
cesses would be mutualized). But in large-data and low-gq
settings, these gains can be seen to be negligible.
Consider for instance our finely-discretized dataset,
which neutronics data is defined at the level of the fuel pin;
assume that we split each assembly-wise dataset
between its n. fuel cells, and define one PLMC or
Lazy-LMC model per cell, keeping the same val-
ues of ¢ and n for each. Each of these models now has
p' = p/n. tasks. According to Section 4.1, the cost of mak-
ing predictions with each one is 2p'q + n(cx + 2¢), so the
total cost for all of them is n. % (2p'q + n(ck + 2q)) =
2pq + nen(cg + 2q). By contrast, the cost of predictions
with a single assembly-wise model is 2pg +n(ck +2¢g). The
question is thus the relative size of 2pq and n.n(c; + 2q).
In the setting of our previous experiments, we have
p=3.5-10° g = 16, n. = 45 (one assembly with 17 x 17
cells and 1/8 symmetry), n = 201 and ¢ = 30. Therefore,
2pq ~ 1.12-107, while n. n(cy +2q) ~ 5.6-10°: the lifting
of the low-dimensional interpolated values to the
“real” HXS space remains 20 times more costly
than the interpolation of the latent processes, even
if there are now 45 times more latent processes to inter-
polate (because the model was split into 45 smaller ones).
This lifting operation doesn’t depend on the allocation of
HXS’s into one or several models, only on the retained
value of ¢q. The exact same argument can be given about
storage requirements: they remain dominated by the
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Table A.1l. Performance metrics on all assemblies of the finely-discretized dataset, for three of the studied MOGP
models (all with ¢ = 16 latent processes) and two baselines. The best and worst value for each metric are highlighted
in green and red respectively. Definitions of the metrics are given in Section 3.2. The training time T},,;, is defined at
the level of one assembly. PLMC and VLMC were trained on GPU, with minibatch training in the latter case. The
a-CI and PVA metrics are missing for the PLMC are missing because predicted variance was not computed with this
model: our current implementation requires the formation of a full p X p noise matrix for this, which causes a memory

error in this setting.

Model R2 RMSE Errpax Bl Erry,. a-Cl  PVA Tiam (s) R
(cm=!)  (cm™)

VLMC BN 186-10° o0.13 BN 100 590 8,010 | 266

PLMC 0984 243-107° 0.169 1.69-107% 0423 - - 122 | 266

Lazy-LMC 0.999 2.97-107° 0145 1.75-107* 0.469  1.00 [FENSE 510 266

BPR 0.997 1.78-10~* [10:348  0.987 —148 6310

Training-less SOGP [0.999 " 2.86-10—° | 0.111 1.24-10~* 0434 0.999 —6.03 21

storage of the p x ¢ matrix H, next to which the few
parameters of each latent process and the training caches
C of Section 4.1 are negligible.

Therefore, in the many-HXS setting, typically
if pin-by-pin homogenization is performed, there
is no clear benefit to gathering all HXS’s from a
dataset into a single model: pin-wise models can be
used instead without noticeable loss in computa-
tion speed or storage space. The question to be asked
before deciding on a grouping of HXS’s is the relative size
of the mixing matrix H and of the quantities defining the
latent processes: as long as the former dominates, there
is no harm in splitting a large model into smaller one®7.
Incidentally, there can be practical issues when gathering
some categories of HXS’s into a single model. For instance,
if pin-by-pin burnup values are used and HXS from
all pins are modeled by the same MOGP, the tasks
of this model will be trained with differing training
inputs X, as HXS’s from different pins will be exposed to
different burnups. This at least requires dedicated imple-
mentations, and may not be readily available (or available
at all) for all models, as stated in Table 1.

Appendix C: Adequacy of leave-one-out
cross-validation for model assessment

In Section 4.3, we gave closed-form expressions for the
LOO-CV errors of our models, and indicated their possible
uses in neutronics calculation chains. One of them is to
assess the accuracy of trained models without resorting to
an external test set. However, we would like to ensure that
this methodology is trustworthy, that is, that the error
metrics we obtain with LOO-CV are consistent with these
obtained on test sets. This is the case if two conditions are
met:

37 On the contrary, gathering many disparate HXS’s into a
single model may increase the value of g yielding the desired
accuracy, which computation times and memory requirements
scale linearly with.

LOO-based error metrics are well-correlated
with these measured on the test set, across
various model instances. Indeed, it would be prob-
lematic if they designated a specific model declination
(some combination of modeling choices) as “good”, but
the predictions of this model turned out to be unsat-
isfactory.

LOO-based error metrics are well-calibrated
with the ones measured on the test set. By this,
we mean that the values of LOO-based metrics should
always be close to these of their test-based counter-
parts: one must be able to expect some level of accu-
racy when applying the model to unseen data.

The only manner in which we can assess these criteria
experimentally is by computing LOO estimates to test-
set errors for various model declinations (models span-
ning the full range of the modeling choices discussed in
this article: mean function, kernel function, number of
latent processes, etc.). This was done in all grid searches
of Section 2.5, and in the experiments of Section 3.3 on
the number of latent processes. We thus dispose of a set of
experiments with various model declinations, each yield-
ing a series of error metrics M;; computed on the test
dataset — where ¢ denotes the metric (RMSE, Errpean,
PVA, etc.), and j the tested model — and their leave-
one-out, counterparts M09 computed on the training
dataset. These metrics are RMSE, Errpean, Errmax and
q99; ¢99 is the quantile of L1 errors at level 99%, added
here for additional information about large errors. From
this we compute the ratios r;; = MiLjOO/Mij, and the cor-
relations ¢; = Corrj(./\/ll%oo,./\/lij). For each metric M;,
we summarize its computed ratios r;; (of which there are
as many as models tested) by a few of their statistics: min-
imum, maximum, mean and standard deviation. Results
of this analysis are displayed below in Tables C.1 for the
PLMC and C.2 for the ICM; each one corresponds to the
grid search previously performed on these models, which
feature respectively 561 and 300 tested model declinations,
ensuring the meaningfulness of the computed statistics.
As stated above, these statistics were also computed on
the experiments of Section 3.3 studying the variations of
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Table C.1. Analysis of the agreement between test-based and LOO-based accuracy metrics for the PLMC. For any
metric M;, M;; denotes its value for the j-th model declination, M{fjoo its LOO counterpart, and r;; = M%QO/MH_

Metric M;  Corr;(M[P9, M;;)  max(r;) min(ry;) mean(r;) std(ri;)
RMSE 0.9560 1.20 0.394 0.903 0.1430
Errpean 0.9360 1.23 0.384 0.886 0.1470
Errpax 0.8870 2.48 0.367 0.842 0.2040
q99 0.9660 1.40 0.383 0.943 0.1530

Table C.2. Analysis of the agreement between test-based and LOO-based accuracy metrics for the ICM. For any
metric M;, M;; denotes its value for the j-th model declination, M{fjoo its LOO counterpart, and r;; = M%QO/MU_
A few models have undefined PVA values because of some near-zero variance estimate, which are not taken into

account in the statistics.

Table C.3. Analysis of the agreement between test-based and LOO-based accuracy metrics for the Lazy-LMC (not
measured on a grid search, but on the experiment of Fig. 3a). For any metric M;, M,; denotes its value for the j-th

Metric M;  Corrj(MPP9, M;;)  max(r;) min(ri;)  mean(r;)  std(ri;)
RMSE 0.1680 3.92 9.22e-03 0.849 0.544
Errpean 0.1740 3.88 8.19e-03 0.864 0.516
Errpax 0.2060 2.57 1.08e-02 0.769 0.432
q99 0.1520 4.96 8.32e-03 0.874 0.606

model declination, M{fjoo its LOO counterpart, and r;; = MiLjOO/Mij.

Metric M;  Corr; (M%joo’ M;;) max(ry;) min(r;;) mean(r;;) std(ri)
RMSE 0.989 1.04 0.671 0.819 0.102
Errmean 0.985 1.02 0.610 0.768 0.124
Errmax 0.963 1.13 0.705 0.998 0.0947
q99 0.991 1.02 0.646 0.807 0.109

MOGP performance with ¢: results are fully consistent
with these obtained on grid searches, but less relevant as
the number of items is small (for each model, 18 declina-
tions differing only by their value of ¢). We still display
them for the Lazy-LMC in Table C.3, by lack of an alterna-
tive: the only modeling choice left in this model is indeed
the number of latent processes.

Results are clear: LOO estimates are very good
proxies of test set errors for PLMC and Lazy-
LMC, but much less for ICM. For the first two,
the ratios r;; are close to 1 on average, and contained
in the range [0.36;2.48] meaning that any LOO metric
is at worse 3 times smaller or larger than its test-data
counterpart; moreover, the correlations between LOO and
non-LOO metrics are always very close to 1. The situa-
tion of the ICM is much more troublesome: correlations
between metrics and their LOO counterparts are small
(~20%), and ratios between these quantities can take val-
ues smaller than 1% — although their means are still right-
fully close to 1. Taking a closer look at the experimen-
tal values, it appears that this discrepancy is due to a
few very ill-performing model instances, which LOO esti-
mates are nonetheless satisfactory. As in Section 3.5, this
suggests some subpar behavior of linear algebra opera-

tions in our implementation of this model: while it usu-
ally yields consistent and satisfying results®®, it sometimes
breaks down on edge cases — computation of small variance
terms in contexts of ill-conditioned, poorly-performing
model instances. Recall indeed that our LOO expressions
(Egs. (16) and (18)) involve variance terms, which can be
very small for little-noisy HXS’s and particularly sensitive
to numerical issues (see Sect. 3.5).

Lastly, let us mention that the same tests as in
Tables C.1-C.3 were performed on the metrics assessing
the quality of variance assessment, a-CI and PVA. The
results, given in the Section 5.5 of [24], are catastrophic:
correlations are tiny, and ratios are erratic. This is another
indication of the malfunction of MOGP predictive vari-
ance in our application when no specific attention is paid
to it. The same experiments should now be undertaken
after fixing predictive variances with the solutions sug-
gested in Section 3.5, in order to definitely validate the
reliability of these LOO-CV estimates.

38 In particular, our LOO-CV expressions for this model,
given in Section 5.5 of [24], were validated by comparison with
empirical LOO values on several datasets; perfect matches were
observed in each case.
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