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Abstract

This work is conducted within the framework of nuclear fuel safety analyses involving multiscale modelling of UO2 fuel pellet fragmentation process. In this paper, a Finite Element (FE) methodology is proposed in order to enable 2D and 3D simulation of brittle fracture in micro-scale specimens used for the characterization of irradiated nuclear fuel. More specifically, these developments address Finite Element simulations using Cohesive Zone Modelling with complex shape of defects, where a direct application of Griffith’s criterion with the fracture mechanics approach is not always possible. In the case of UO2 ceramic material, the mesh refinement needed for the FE simulation of brittle fracture requires a specific attention due to the fact that the damage process zone has a characteristic size smaller than 10 nm. The main objectives are first to discuss the questions related to mesh convergence in the case of stress singularity, and secondly to enable the use of coarser meshes while maintaining accuracy compared to the converged mesh solution. The mesh convergence analysis and coarse mesh approach, established on a 2D configuration, are based on a Cohesive Zone Model (CZM) using two parameters: the critical cohesive stress σc, and the fracture energy Gc. The coarse mesh approach introduces a numerical critical cohesive stress, σc*, replacing the physical one, σc. Thanks to this approach, the relative mesh size can be increased by a ratio of ten with a deviation of the fracture load assessment smaller than 1% compared to the Griffith’s solution. The FE methodology and the coarse mesh approach are then tested with 2D and 3D simulations of a micro-cantilever bending test on a notched specimen. The simulation results are consistent with the experiment where the parameter Gc controls the fracture load. The critical stress, σc, ahead of the notch tip, can vary in the range 5–20 GPa with no effect on the fracture load. The coarse mesh approach is validated with a deviation lower than 2% compared to the fine converged mesh.


1. Introduction
Nuclear fuel fracture properties are studied in the framework of safety analyses involving fuel element behavior in Pressurized Water nuclear Reactors [1]. The fuel pellet fragmentation process, under different type of loading conditions [2–4], has to be considered at various scales [5] in link with safety requirements for the structural integrity of the cladding, which is the first barrier for radioactive fission products.
The main objective of this work is to propose a robust Finite Element methodology for micro-mechanical modelling of unstable brittle fracture in UO2 in order to address questions related to the scale effect on brittle fracture properties [6, 7]. The research approach is based on experimental fracture tests, at the microstructure and engineering scales, coupled with a cohesive zone modelling approach [8, 9] for the fracture load assessment. In this paper the focus is on the Finite Element methodology needed for a 3D simulation of micro-cantilever bending tests as proposed for UO2 in [10–12].
Nomenclature
Name: 
Comment

FE: 
Finite Element

CZM: 
Cohesive Zone Model


[image: Mathematical equation: $ u^{\mathrm{imp}}_{\infty } $]
: 
Remote tensile displacement on the 2D study case

σ∞
: 
Remote tensile stress on the 2D study case


[image: Mathematical equation: $ {\sigma }^{\mathrm{R}}_{\infty } $]
: 
Remote fracture stress on the 2D study case

σR: 
Engineering fracture stress

u1imp: 
Bending displacement on the micro-cantilever test

Fb: 
Bending load on the micro-cantilever test

G: 
Elastic energy release rate

Gc
: 
Critical energy release rate or Fracture Energy

we
: 
Elastic strain energy density

Γε
: 
Integration path centered on the crack tip for G computation

nj
: 
Components of the outside normal to the integration path Γε


ui
: 
Components of the displacement field along Γε


Kn
: 
Elastic stiffness of the cohesive law

E: 
Young’s modulus of the bulk material

ν: 
Poisson ratio of the bulk material

h: 
Size of the finite element, connected to the cohesive element, in the perpendicular direction to the CZM plane

k∞
: 
Ratio between the displacement variation in the finite element and the displacement jump in the cohesive element

δ: 
Jump displacement in the cohesive element

σc
: 
Physical critical stress of the cohesive law

δc
: 
Critical Jump displacement of the cohesive element

KI
: 
Mode I stress intensity factor

r: 
Distance from the crack tip

lIrwin
: 
Irwin’s characteristic length

σc*: 
Numerical critical stress of the cohesive law



In order to describe crack initiation from an existing defect in a micro-cantilever bending sample we have to consider the fracture properties relevant of the atomic scale with a pure cleavage mechanism. For this we propose to refer to UO2 atomic scale computations reported in [5, 13, 14], where the critical stress σc and the critical energy release rate (ERR) Gc are derived from molecular dynamic simulation of a tensile fracture test on a single crystal periodic cell. The critical stress, defined as the maximal stress of the tensile test for a perfect crystal in [13], is in the range 10–30 GPa for UO2 bulk. In reference [14], the fracture energy, derived from simulation of mode I crack propagation with the introduction of an initial notch in the periodic cell, is around 10 J/m2 for UO2 bulk. For UO2 grain boundaries, critical stress and fracture energies, derived from a traction separation curve in reference [15], are in the range 5–9 GPa and 2 to 5 J/m2. These high values of the critical stress result in strong mesh refinement requirement in order to be able to describe the stress singularity or concentration near the defect where crack initiation occurs. The required mesh size can be quantified with respect to the Irwin’s length lIrwin = EGc/σc2 (with E the Young’s modulus) which is a relevant parameter to analyze the size of the process zone needed for an accurate description of crack initiation. Based on the fracture properties mentioned above for UO2 bulk and grain boundaries the order of magnitude of the Irwin’s length is 10 nm.
	[image: Thumbnail: Fig. 1. Refer to the following caption and surrounding text.]	Fig. 1. Double Edge Notched Tension DENT geometry for the study of a perfect crack.




This question of mesh refinement has been addressed in the literature for different type of fracture models. For example, in phase-field (PF) fracture approaches, several elements are required to correctly describe the damaged zone whose extent is proportional to the Irwin’s length. Moreover, an effective numerical critical ERR has to be used to compensate the localization error introduced by the discrete representation of the damaged zone [16–19]. The use of a PF model to represent brittle failure size effect may also be questioned when the Irwin’s length becomes in the order of magnitude or smaller than the specimen dimensions, since the PF model no longer represents the crack as a discontinuity but rather acts as a damage model where the stiffness degradation occurs within a diffused region [20].
The mesh refinement requirements also hold for models considering a discrete localized crack, such as the coupled criterion (CC) [21–23]. For instance, reference [24] recommends a mesh size lower than lIrwin/40 for the application of the CC to accurately capture the initiation length when describing crack initiation at a V-notch. In the case of cohesive zone models (CZM), a minimum mesh refinement is required ahead of the crack tip to describe the process zone. The latter size depends on the local stress state, and is generally proportional to the Irwin’s length [25–28].
In our case lIrwin is in the range of 2–20 nm, which means that the mesh size should be at least 104 or 105 smaller than the micro-cantilever bending specimen size. This mesh refinement requirement seems impossible to fulfil for a 3D model without a multilevel mesh refinement technique and large High-Performance Computing capabilities.
For this reason, the work presented in this paper proposes to analyze in detail the questions related to mesh convergence in the case of a stress singularity, and secondly to enable the use of coarser meshes while maintaining accuracy compared to the converged mesh solution. The mesh convergence analysis and coarse mesh approach are first established on a 2D configuration with a reference solution based on Griffith’s criterion for a Double Edge Notched Tension specimen. The coarser mesh approach is compared with the refined mesh solution itself validated with a convergence study and the Linear Elastic Fracture Mechanics solution. In a second part, the FE methodology, including the coarse mesh approach, is validated with a micro-cantilever bending test on a notched specimen, and the sensitivity to the critical stress σc is discussed. In a last part, a 3D simulation using the coarse mesh technique is presented for a micro-cantilever bending test with an initial crack.
2. Coarse mesh technique for a 2D DENT configuration
In order to develop the FE methodology a simplified configuration of a 2D Double Edge Notched Tension (DENT) specimen is used in order to represent a situation where crack initiation occurs mainly under mode I tensile stress state as expected in the micro-cantilever bending tests carried out on UO2.
2.1. Input data
The 2D plane strain study case is based on a Double Edge Notched Tension (DENT) specimen as represented in Figure 1. A symmetry boundary condition is used along the line AB in order to represent one half of the specimen. The tension loading is prescribed through uniform displacement boundary condition on lines DA (ux2
 = 0) and BC ([image: Mathematical equation: $ u_{x_2}=u^\mathrm{{imp}}_{\infty} $]) and the corresponding mean tensile stress is named σ∞. The crack extension expected under mode I loading start from the tip along the [image: Mathematical equation: $ {\overrightarrow{x}}_1 $] direction.
Table 1. 
Geometrical parameters of the 2D sharp crack study.


In order to define the apparent fracture stress [image: Mathematical equation: $ {\sigma }_{\infty}={\sigma}^{\mathrm{R}}_{\infty} $], corresponding to the critical value of the prescribed displacement [image: Mathematical equation: $ u^{\mathrm{imp}}_{\infty} $], the Griffith’s criterion is used with the critical energy release rate Gc given in Table 1. The elastic energy release rate G in equation (1) is computed, on a mesh of the DENT without cohesive elements, with the crack virtual extension method using the G-theta method [29] available in the Cast3M finite element code [30].
[image: Mathematical equation: $$ \begin{aligned} G=\mathop {\mathrm{lim} }_{\varepsilon \rightarrow {0}} \int _{{{\Gamma }}_{\varepsilon }}{\left(w_{\mathrm{e} }{\mathrm{d} x}_{\mathrm{2} }-{\sigma }_{\mathrm{ij} }n_{\mathrm{j} }\frac{\partial u_{\mathrm{i} }}{\partial x_{\mathrm{1} }}\mathrm{d} s\right)} \end{aligned} $$](1)

where G is the energy release rate for a crack extension in direction i = 1, we is the elastic strain energy density, Γε is the integration path centered on the crack tip, nj are the components of the outside normal to Γε, ui are the components of the displacement field, x1 is the spatial coordinates along the direction i = 1, dx2 is an infinitesimal length along the direction i = 2 and ds is an infinitesimal length along the integration path Γε.
The geometrical and material characteristics defined in Table 1 lead to an unstable fracture representative of the experimental results obtained for the UO2 micro-cantilever bending tests at room temperature. The tensile fracture stress σR derived from the Griffith’s criterion is equal to 1.07 GPa, the corresponding energy release rate computed with the G-Theta method is equal to 10 J/m2 (see critical value in Tab. 1). The mesh refinement used for the computation is shown in Figure 2, the energy release rate computed with the virtual extension method has a low sensitivity to the mesh size (variation smaller than 0.05% for a mesh size in the range [h = 1, D = 60] to [h = 10, D = 300]).
	[image: Thumbnail: Fig. 2. Refer to the following caption and surrounding text.]	Fig. 2. Mesh refinement at tip of the crack for the DENT specimen (isoparametric Finite Element with linear interpolation functions and full integration).




2.2. Unstable brittle fracture simulation with a Cohesive Zone Model (CZM)
In order to simulate the mechanical problem given in Figure 1 with a CZM, the cohesive elements are defined on the expected crack path as illustrated in the same figure. The first objective is to define the mesh refinement needed to have a converged assessment of the tensile fracture stress with the CZM, and secondly to compare this result with the Griffith’s criterion in order to verify that Linear Elastic Fracture Mechanics analysis is appropriate for this DENT study case.
The cohesive model used in our simulation, see Figure 3, is based on a bilinear traction-separation profile where the total displacement jump is equal to the sum of the elastic and inelastic contributions. The elastic displacement jump has to be as small as possible in order to be equivalent to a perfect interface in the elastic regime. To ensure this, the elastic stiffness Kn acts as a penalty factor with a value much larger than the elastic stiffness of 2D elements connected to the cohesive elements. In order to define this penalty factor independently of the mesh refinement, the parameter Kn is computed with equation (2), where E is the Young’s modulus of the bulk material, h is the size of the finite element, connected to the cohesive element, in the perpendicular direction to the CZM plane and k∞ is the ratio between the elastic displacement variation in the finite element and the elastic displacement jump in the cohesive element. equation (2) is based on an elastic model illustrated in Figure 4. In the application the ratio K∞ is equal to 1000 in agreement with a convergence study on the parameter Kn.In comparison with the calibration method proposed for the elastic normal stiffness of cohesive element in reference [31], using a mesh with cohesive elements on all the internal finite element boundaries, the parameter Kn(CN in [31]) is also a linear function of the ratio between the material Young’s Modulus and the mesh characteristic size.
	[image: Thumbnail: Fig. 3. Refer to the following caption and surrounding text.]	Fig. 3. Cohesive law for UO2: σ is the cohesive stress and δ is the displacement jump between the nodes of the cohesive element.




	[image: Thumbnail: Fig. 4. Refer to the following caption and surrounding text.]	Fig. 4. Elastic stiffness Kn of the cohesive element: δuCE is the elastic displacement jump in the cohesive element and ΔuFE is the displacement variation in the finite element connected to the cohesive element.




The inelastic displacement jump in the cohesive law is controlled by the critical stress σc, giving the initiation of damage and softening, and the fracture energy Gc dissipated by the fracture process. The critical displacement jump δc = 2Gc/σc corresponds to the crack opening leading to a complete fracture of the cohesive element. For the DENT application of Figure 1 the parameter Gc is equal to 10 J/m2 and the critical stress σc is defined at 15 Pa in order to have a reasonable mesh refinement constraint and to be representative of the fluorite crystal structure composing the bulk of UO2.
[image: Mathematical equation: $$ \begin{aligned} K_{\rm n}=k_{\infty }\frac{E}{h} \end{aligned} $$](2)

The assessment of the tensile fracture stress of the DENT is derived from the load-displacement curve including the description of the unstable brittle fracture. As detailed in reference [32], the simulation of crack propagation under unstable conditions requires a specific attention to the question of convergence. The fictive path algorithm, described in [32], is used for the simulation of unstable fracture with the Cast3M finite element code according a quasi-static mechanical description. The main idea of the fictive path algorithm is to do virtual steps when a non-convergence of the Newton algorithm is detected. During these virtual steps an update of the displacements, stresses and state variables is possible according an explicit assumption. The update continue until the static equilibrium criterion is verified at the end of the “non static” phase of the fracture. Thanks to this approach, we can describe the load-displacement curve before and after the maximal load. An automatic time step refinement gives the failure load with a good precision (relative error of 10−3 compare to the maximal load) and the virtual path method enables us to follow the crack propagation during the instability.
An illustration of the FE solution obtained during the instability is given in Figure 5. On the latter, one can observe that the size of the process zone, where cohesive elements are already damaged, just before the maximal load (step 8 in Fig. 5) is approximately equal to the Irwin’s length of 8.9 nm for our material. This result confirms what is expected in this case of a sharp crack controlled by the Griffith’s criterion. The sudden crack opening, under a constant displacement loading from step 8 to step 9, is linked to the unstable crack extension induced by the elastic strain energy stored in the DENT at maximal load σ∞. This elastic energy stored at step 8 is ten times greater than the total energy needed to propagate the crack on the whole thickness of the specimen.
	[image: Thumbnail: Fig. 5. Refer to the following caption and surrounding text.]	Fig. 5. Simulation of the unstable fracture for a DENT specimen: a) crack opening and δ/δc before instability, b) crack opening and δ/δc after instability, c) load-displacement curve.




2.3. Mesh sensitivity analysis for the tensile fracture stress computation
The results of the mesh sensitivity analysis are given in Figure 6, where the tensile fracture stress assessed by the CZM (legend “CZM with critical stress = 15 GPa”) is compared with the Griffith’s criterion solution given in Section 2.1 (legend “Griffith’s criterion”). The mesh convergence is obtained when the mesh size near the crack tip is lower than 5 nm. The converged fracture stress is close to Griffith’s solution (relative deviation of 3%), which confirms that for our material and a sharp crack the fracture stress [image: Mathematical equation: $ {\sigma}^{\infty}_{\mathrm{R}} $] is controlled by the energy release rate parameter. This analysis confirms that the mesh size has to be lower than the Irwin’s length, equal to 8.9 nm in this case.
	[image: Thumbnail: Fig. 6. Refer to the following caption and surrounding text.]	Fig. 6. Tensile fracture stress assessment for the DENT specimen: mesh sensitivity.




In order to analyze the singular stress field ahead of the crack tip, the elastic cohesive stress σel, tensile stress component along the direction [image: Mathematical equation: $ {\overrightarrow{x}}_2 $], is computed with a pure elastic CZM for a loading equal to the Griffith’s tensile fracture stress of the DENT specimen. In addition, this elastic tensile stress is computed with the analytical solution σWilliams of equation (3) corresponding to the Williams singular elastic stress field for a plane strain state. These two stress assessments are compared in Figure 7, one can observe that the elastic cohesive stress computed by the pure elastic CZM is close to the Williams solution for r >  0 up to a distance of 100 nm from the crack tip. The elastic cohesive stress computed at the crack tip, with the 2 nodes of the cohesive element, has a finite value and cannot be compared directly to the Williams solution. This finite value is also proportional to the mesh size according to the [image: Mathematical equation: $ 1/\sqrt{r}\ $]scale effect of the Williams solution. An interesting output of Figure 7 is that for a mesh size larger than the converged mesh size (see the log scale in Fig. 7) the elastic cohesive stress, of the nodes located at r >  0, is still in agreement with the Williams solution.
	[image: Thumbnail: Fig. 7. Refer to the following caption and surrounding text.]	Fig. 7. Elastic cohesive stress concentration at the crack tip for the DENT specimen submitted to the Griffith’s tensile fracture stress. Linear scale (left), Log scale (right).




[image: Mathematical equation: $$ \begin{aligned} {\sigma }_{\mathrm{Williams} }=\frac{1}{\sqrt{2\pi r}}\sqrt{\frac{E}{1-{\nu }^2}G} \end{aligned} $$](3)

where σWilliams is the tensile stress in the [image: Mathematical equation: $ {\overrightarrow{x}}_2 $] direction and r the distance from the crack tip in the [image: Mathematical equation: $ {\overrightarrow{x}}_1 $] direction.
2.4. Coarse mesh technique for the tensile fracture stress assessment
The proposed method follows an idea proposed in reference [27] with an artificial decrease of the critical stress of the material while keeping the fracture energy Gc constant. The assessment of the DENT tensile fracture stress with different values of reduced critical stresses are presented in Figure 8. In the latter, one can observed that the use of a larger mesh size enables a reasonable assessment of the Griffith’s tensile fracture stress (error lower than 4%) if the mesh size is lower than half of the Irwin’s length derived from the reduced critical stress. This mesh size effect is consistent with the results of the mesh sensitivity analysis described in the previous section. As commented with the results of Figure 6, one can observe that the fracture load is converged for a mesh size smaller than 5 nm approximately equal to half of the Irwin’s length for UO2. Based on this the coarse mesh technique proposes to use the numerical critical cohesive stress σc* defined with equation (4). In the latter, lEF is the size of the finite element connected to the crack tip, and the characteristic length used in the numerical calibration is taken equal to 2lEF. This value is an empirical numerical criterion identified from Figure 8 and should not be interpreted as a physical Irwin length. This approach, devoted to the simulation with a CZM of fracture controlled by the ERR parameter, is valid if the numerical critical cohesive stress σc* is high enough to ensure that the tensile fracture stress depends only on the critical energy parameter Gc. For this a lower bound value of the numerical critical cohesive stress σc* is defined with equation (5). This lower bound value [image: Mathematical equation: $ {\sigma }^{\mathrm{inf}}_{\mathrm{c}} $], giving the maximal acceptable mesh size, can be simply approximate by a sensitivity analysis to the numerical critical stress. For instance, with the results of Figure 8 it can be confirmed that for a mesh size of 50 nm a value of σc* greater than 3 GPa is consistent with a tensile fracture stress controlled by the Gc parameter. For practical use, it is recommended to start with two mesh refinements lEF1 <  lEF2, and to test, first the mesh sensitivity with LIrwin = 2LEF2, secondly the critical stress sensitivity with the smallest mesh size lEF1 and two Irwin’s lengths equal respectively to 2lEF1 and 2lEF2.
	[image: Thumbnail: Fig. 8. Refer to the following caption and surrounding text.]	Fig. 8. Tensile fracture stress assessment for the DENT specimen: coarse mesh assumption.




[image: Mathematical equation: $$ \begin{aligned} {\sigma }^*_{\mathrm{c} }\le \sqrt{\frac{EG_{\mathrm{c} }}{2l_{\mathrm{EF} }}} \end{aligned} $$](4)

[image: Mathematical equation: $$ \begin{aligned} {\sigma }^*_{\mathrm{c} }>{\sigma }^{\mathrm{inf} }_{\mathrm{c} } \end{aligned} $$](5)

An illustration of the unstable fracture assessed with the mesh size equal to 50 nm, and a numerical fracture stress of 4.5 GPa, is given in Figure 9. The maximal displacement jump δ is lower than the critical value δc up to the maximum load, as it was the case for the finer mesh refinement presented in Figure 5. However, with the coarser mesh of 50 nm, there is only one damaged element before the onset of instability. Then after the maximum load, the displacement jump is greater than the critical value all along the crack path with a sudden drop of the remote tensile stress σ∞. In Figure 9, after step 5 the ratio δ/δc continue to increase in the element connected to the crack tip with a negligeable increase of the resulting load. When the ratio δ/δc is equal to 1, unstable crack extension starts as illustrated at the beginning of the load drop at step 8. The fact that only one element is damaged before instability reveals an important aspect of the method, namely that using the CZM with a coarse mesh is equivalent to calculating the Energy Release Rate at the crack tip in 2D or along the initial crack front in a 3D simulation. The main advantage of the method is that it overcomes the limitations of the classical ERR computational method (G − θ method or other) for a 3D analysis of crack initiation and propagation from complex sharp defects in brittle materials.
	[image: Thumbnail: Fig. 9. Refer to the following caption and surrounding text.]	Fig. 9. Simulation of the unstable fracture for a mesh size of 50 nm and the numerical critical cohesive stress σc* = 4.6 GPa : a) crack opening and δ/δc before instability, b) crack opening and δ/δc after instability, c) load-displacement curve.




These simulations confirm that, thanks to the use of the numerical critical stress σc*, the fracture stress [image: Mathematical equation: $ {\sigma }^{\infty }_{\mathrm{R}} $] is still controlled by the energy release rate parameter up to a mesh size of 50 nm. This result is also consistent with the plot in Figure 7, where it can be observed that the elastic cohesive stress is in agreement with the Williams analytical solution for a mesh size up to 100 nm, which is at least 20 times greater than the maximal converged mesh size.
3. Results and discussion
3.1. Numerical validation for a 2D simulation of a micro-cantilever bending test
The objective of this section is to test the method defined in Section 2 for a DENT specimen on the micro-cantilever bending configuration. For the verification a “numerical validation” is proposed in order to compare the fracture bending load assessment obtained respectively with the CZM and the Griffith’s criterion.
3.1.1. Input data
The FE methodology is validated for UO2 with some of the experimental results obtained in reference [10] on micro-cantilever bending tests. Among the results, one notched specimen already used in reference [33] is analysed in order to test our method in a situation where the size of the defect at the origin of crack initiation is well known. The main characteristics of the micro-cantilever notched specimen are given in Figure 10. The sample corresponds to a single crystal with a rupture located on a {100} plane of the crystal basis, with a normal oriented along the direction [image: Mathematical equation: $ \overrightarrow{x_2} $] of the sample (see Fig. 10). The elastic properties of UO2 single crystal given on Figure 10 are extracted from reference [34]. The objective is to use a 2D plane strain simulation similar to the one used for the DENT test in order to compare the FE simulation to the experimental bending fracture load FRb. The geometrical simplifications are detailed in Figure 11 with a fixed end beam on the left. The bending load is applied with a uniform axial displacement on the right end, and the bending force is computed with the sum of the axial nodal forces associated to this displacement boundary condition. The notch is considered as a sharp crack and the cohesive element are located from the crack tip along the [image: Mathematical equation: $ \overrightarrow{x_1} $] direction to simulate the experimental crack propagation. The FE mesh refinement is similar to the type of mesh used for the DENT specimen in Section 2.1 (see Fig. 2).
	[image: Thumbnail: Fig. 10. Refer to the following caption and surrounding text.]	Fig. 10. Input data of the micro-cantilever bending test of a notched specimen.




	[image: Thumbnail: Fig. 11. Refer to the following caption and surrounding text.]	Fig. 11. Micro-cantilever bending test: 2D representation an boundary conditions.




The fracture energy Gc to use with this 2D model is derived from the experimental bending fracture load and the energy release rate computed with the G_THETA method of the Cast3M code as presented in Section 2.1 for the DENT specimen. This leads to a fracture energy of 12.9 J/m2 corresponding to a fracture bending load of 0.83 mN as given in Table 2 of reference [33]. The value of Gc obtained with this 2D model seems to be a little bit greater than the maximal value of 11.7 J/m2 proposed in the Table 7 of reference [33] for fresh UO2 specimens. This deviation is probably linked to the different computational methods used for the energy release rate, crack virtual extension in this work, incremental energy release rate in [33]. This 10% difference is not an issue for our objective focused on the FE methodology needed to establish the conditions for a mesh-independent solution of the cohesive zone model, consistent with the solution of the Griffith criterion.
Table 2. 
Mesh sensitivity analysis for the 3D study case.


	[image: Thumbnail: Fig. 12. Refer to the following caption and surrounding text.]	Fig. 12. Fracture bending load of a micro-cantilever notched specimen: sensitivity analysis of the 2D simulation to the critical cohesive stress.




3.1.2. Validation of the FE methodology
The FE methodology is first validated with a refined mesh in order to ensure the convergence of the fracture bending load assessment. The smaller mesh size of 1 nm, tested in Section 2.3, was chosen. As the critical cohesive stress σc to be used in this notched specimen configuration is not exactly known a priori, a sensitivity analysis was performed. Values in the range 1–20 GPa were tested, in order to have some bounds representative of the bending fracture stress measured on un-notched micro-cantilever beam (< 5 GPa), and of the critical stress derived from atomic scale simulations (> 15 GPa). The simulation results are presented in Figure 12 with the experimental measure of the fracture bending load equal to 0.83 mN. As expected, there is low sensitivity to the critical cohesive stress in this configuration with a sharp crack where the fracture is driven by the ERR criterion. In Figure 12, it can be observed that the fracture bending load is underestimated for a critical cohesive stress lower than 5 GPa. This confirms that the local critical cohesive stress, near the crack tip, seems to be greater than the fracture bending stress usually measured on un-notched specimens. The sensitivity analysis provides also a possible justification for the scale effect observed between the critical cohesive stress derived from the atomistic simulation (> 15 GPa) and the fracture bending stress measured on un-notched specimens (< 5 GPa). Such a scale effect could be explained by the fact that in an un-notched micro- cantilever specimen, the local critical cohesive stress, near the crack tip, is larger than the fracture bending stress derived from the bending load. This assumption could be confirmed by experimental examinations coupled with simulation in order to assess the fracture bending load with a detailed description of the defect at the origin of the fracture. Before this, it is recommended to be careful when using the fracture bending stresses measured on micro-cantilever un-notched specimens (see Ref. [10]).
	[image: Thumbnail: Fig. 13. Refer to the following caption and surrounding text.]	Fig. 13. Geometry of the 3D study case of unstable brittle fracture.




In the second step the coarse mesh approach using equation (4) has been tested with a mesh size of 25 nm and a corresponding numerical critical cohesive stress σc* of 7.7 GPa. In order to compute σc* in the case of the anisotropic elastic behavior of UO2 single crystal, an orientation-average value Eeff = 223 GPa derived from the elastic constant given in Section 3.1.1 is used as numerical approximation in equation (4). In this case the numerical approximation enables the coarse mesh formulation to reproduce the fracture load obtained from the fully anisotropic simulation. Concerning the anisotropy of UO2, it is important to be aware that the 2D simulation result presented in Figure 12 (mesh size of 1 nm and σc >  5 GPa) and used to validate the coarse mesh approach is obtained with the anisotropic elastic behavior of UO2 described by its cubic elastic constants (see input data in Fig. 10). It means that, the reference fracture load takes into account the anisotropy of UO2 in the computation of the ERR as the results is not critical stress dependent for brittle rupture.
The coarse mesh solution is similar to the converged mesh size one ([image: Mathematical equation: $ l_\mathrm{{EF}}=1\,\rm{nm}) $], confirming that the numerical critical cohesive stress enables the use of sizes greater than the Irwin length without losing accuracy. In both cases, the FE methodology leads to a fracture bending load of the cohesive zone model that is consistent with the Griffith solution, based on the fracture energy Gc associated with the considered crack plane and derived from the experimental result. The coarse mesh FE approach can now be used in more complex 3D configurations where the computation of the energy release rate, needed for the Griffith’s criterion, is not always possible.
3.2. Coarse mesh method for 3D simulation of unstable fracture
The objective of this 3D application is to illustrate a practical study case of the fracture load assessment using the cohesive zone model and the coarse mesh FE method presented in the previous sections. For this, the 3D study case is based on the same input data as the one used in Section 3.1.1 with a micro-cantilever notched specimen. The mesh and the boundary conditions used for the description of the notched specimen are given in Figure 13. A constant mesh refinement is used for the cohesive elements and the mesh near the fracture plane.
Two mesh sizes of 25 and 50 nm have been tested with numerical Irwin’s length in the range 50–100 nm. The results, presented in Table 2 with corresponding numerical critical cohesive stresses, show a low sensitivity of the fracture bending load to the mesh size and to the numerical critical cohesive stress σc*. First, the results with σc* = 5.44 GPa and lEF equal 25 or 50 nm are consistent with equation (4) ensuring a converged mesh size solution. Secondly, the results with lEF = 25 nm and σc* equal 5.44 or 7.69 GPa show that the fracture load is controlled by Gc with very small effect of the critical stress in agreement with equation (5). These 3D results are also close to the 2D simulation results adjusted with the experimental fracture load in Section 3.1.
	[image: Thumbnail: Fig. 14. Refer to the following caption and surrounding text.]	Fig. 14. 3D simulation results: load-displacement curve and crack propagation during the unstable fracture.




	[image: Thumbnail: Fig. 15. Refer to the following caption and surrounding text.]	Fig. 15. 3D elastic analysis of the micro-cantilever bending test of a notch specimen: bending stress and neutral axis.




The load displacement curve and crack propagation are given in Figure 14. As observed in the latter the damage along the crack front is almost uniform with very little boundary effect of the stress-free surface in the plane [image: Mathematical equation: $ \left(O,\overrightarrow{x_1},\overrightarrow{x_2}\right) $]. This low 3D effect is confirmed by the elastic analysis of Figure 15, where the neutral axis of the bending stress σx2x2
 is almost parallel to top surface of the specimen. According the 3D simulation results, crack propagation starts on all the thickness of the specimen at the maximal bending load around 0.83 mN. The crack front shape is almost similar to the bending stress neutral axis shape. At the beginning crack propagation is unstable for approximately 260 nm, after this, the drop of the bending load continues with a decreasing slop as a function of the bending displacement, showing a transition toward a stable crack propagation. This result confirms that the fracture energy Gc = 13.3 J/m2, identified with 2D modelling, is appropriate for 3D simulation. Indeed, 2D and 3D are almost equivalent for the interpretation of a micro-cantilever bending test with a notched specimen.
4. Conclusion
The work presented in this paper proposes a FE methodology to enable 2D and 3D simulation of brittle fracture for micro-cantilever specimen with materials requiring a strong mesh refinement compare to the specimen dimension. A specific application has been presented for UO2 nuclear fuel, a ceramic materials with an Irwin’s length lower than 10 nm.
A CZM, using two parameters (critical cohesive stress σc, and the fracture energy Gc) has been used for the interpretation of unstable fracture of DENT specimen. The mesh convergence analysis has confirmed that the converged mesh size, needed for a sharp crack and stress singularity, is lower than half of the Irwin’s length. In order to reduce the computation time a coarse mesh approach has been proposed with a numerical critical cohesive stress σc*, derived from the Irwin’s length equation, replacing the physical one σc. The relative mesh size can be increased by a ratio of ten with a variation of the fracture load assessment smaller than 1% compare to the Griffith’s solution.
The FE methodology and the coarse mesh approach have been tested with a 2D simulation of a micro-cantilever bending experiment on a notched UO2 specimen. A sensitivity analysis, conducted with the converged mesh size of 1 nm, of the fracture bending load to the critical cohesive stress has been proposed. Simulation results are consistent with the experimental results if the critical cohesive stress of the UO2 crystal is in the range 5–20 GPa. This expected low sensitivity to the critical cohesive stress is consistent with the stress singularity configuration where the fracture load is controlled by the ERR parameter (with a fracture energy of 13.3 J/m2 given by the Griffith’s criterion and 2D model). The lower bound of 5 GPa is greater than the fracture bending stress usually measured on micro-cantilever UO2 un-notched specimens. This confirms that this fracture bending stress lower than 5 GPa is not a physical parameter of the UO2 crystal, and can probably not be considered directly as material data for microscopic scale as it depends on the size of the specific defect initiating the rupture in the un-notched specimen. The coarse mesh approach has been verified on this 2D configuration and the fracture bending load assessment agrees with converged mesh study and the experimental results.
Finally, the coarse mesh approach has been tested with a 3D simulation of the micro-cantilever bending test of the notched specimen used for the validation of the 2D FE methodology. The 3D results for two different mesh sizes are close to the 2D simulations and experimental fracture bending load (less than 2% deviation). This confirms the applicability of the coarse mesh approach with 3D simulation and a suitable accuracy. These new 3D results enabled us to analyze crack initiation and growth in the micro-cantilever notched specimen and to comfort the validity of a 2D model for this configuration.
This coarse mesh method is of broader interest for fracture assessment of brittle materials. More specifically when a Finite Element method using CZM is required because a direct application of the Griffith criterion with the fracture mechanics approach is not possible. In the case of UO2, the method will be used for a complementary interpretation of the micro-cantilever bending experiments. The 3D approach will enable a detailed understanding of the defects at the origin the fracture in un-notched specimen, which is essential to progress in the use of these microscopic scale fracture properties in engineering applications.
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	Material parameters
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	Young’s modulus
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	2.5
	Poisson’s ratio
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	Critical energy release rate Gc
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        Mesh refinement at tip of the crack for the DENT specimen (isoparametric Finite Element with linear interpolation functions and full integration).
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        Cohesive law for UO2: σ is the cohesive stress and δ is the displacement jump between the nodes of the cohesive element.
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        Elastic stiffness Kn of the cohesive element: δuCE is the elastic displacement jump in the cohesive element and ΔuFE is the displacement variation in the finite element connected to the cohesive element.
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        Simulation of the unstable fracture for a DENT specimen: a) crack opening and δ/δc before instability, b) crack opening and δ/δc after instability, c) load-displacement curve.
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        Tensile fracture stress assessment for the DENT specimen: mesh sensitivity.

      

    

  
    
      Fig. 7. 

      
        [image: Fig. 7. Refer to the following caption and surrounding text.]
      

      
        Elastic cohesive stress concentration at the crack tip for the DENT specimen submitted to the Griffith’s tensile fracture stress. Linear scale (left), Log scale (right).
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        Tensile fracture stress assessment for the DENT specimen: coarse mesh assumption.
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        Simulation of the unstable fracture for a mesh size of 50 nm and the numerical critical cohesive stress σc* = 4.6 GPa : a) crack opening and δ/δc before instability, b) crack opening and δ/δc after instability, c) load-displacement curve.
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        Input data of the micro-cantilever bending test of a notched specimen.
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        Micro-cantilever bending test: 2D representation an boundary conditions.
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      Mesh sensitivity analysis for the 3D study case.

      
        


	Mesh size lEF (nm)
	LIrwin* (nm)
	σc*(GPa)
	Fracture bending load (mN)





	50
	100
	5.44
	0.840
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	5.44
	0.843



	25
	50
	7.69
	0.860
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        Fracture bending load of a micro-cantilever notched specimen: sensitivity analysis of the 2D simulation to the critical cohesive stress.
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        Geometry of the 3D study case of unstable brittle fracture.
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        3D simulation results: load-displacement curve and crack propagation during the unstable fracture.

      

    

  
    
      Fig. 15. 

      
        [image: Fig. 15. Refer to the following caption and surrounding text.]
      

      
        3D elastic analysis of the micro-cantilever bending test of a notch specimen: bending stress and neutral axis.
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